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Abstract:

We are building the solidity results in this section for combined illustrative equations with the line
between Dirichlet and phase transitions. The free boundaries problems of phase transitions have been
studied for over one hundred years in the mathematical literature. Most of the work deals with the
classical Stefan issue which contains a uniform medium with dormant warmth and warmth. The
phase models were introduced first and various creators discussed the problem again from the start,
as well as improving results thermal-dynamically; see, for instance, the work on a detailed account of
the material science at the bottom of the picture and the Stefan enthalpy strategy should be expanded.
Moreover, several model variants in the years under way have been explored and interesting results
were obtained in the direction of presence and normality of solutions together with their reliance on
the physical parameters.
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INTRODUCTION

The linear model of phase describes phase transitions between pure material, e.g. solid and liquid, between
two states is discussed in this chapter.

w +(2)v, = V(a1 (2)Vu) = fi(2), in Q. |

v — V(ag(x) V) + bz, t)v + c(z)u = fo(x), inQ,
u(z,8) = ug(z), viz,8) = vg(x), in €2,

u(z,t) = hy(x,t), v(z,t) = ho(z,t), on%, | 7)

Where is an open bounded subset of R for the dimension n< 3 and with Boundary 082 of class C*The
coefficients ¢ € L7, b€ L¥(Q) and for some fixed ¢ € (0, T)the functions s, vs : {2 —+ Rare sufficiently
regular (for instance, hi,ha = £ = R The nonzero smooth Dirichlet boundary data h1.h2: £ — Rare kept

fixed and (/12 /2) € (L*())* Fynctions are specified. The unknown factor a\ and the factor are assumed to be
sufficiently smooth and independent of time t.

The problem describes a model of a melting (solidification) process for O which is not in the Fourier phase.
In the classical Stefan problem, the equation governs such a process.

(u+1v)y = V(g (z)Vu), in Q,
(1.8)
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Where % = (%, t)penotes the temperature distribution of the material that can occupy the area in one or
the other of the two stages (where the melting temperature is considered to be nil), thermal diffusivity and
latent heat are coefficient I.

The internal energy e and the heat flow q are supposed to be given. by

e=u+lv
q = —-a.l(:c)Vu,
And that the equation of heat balance
e, = —Vgq

The smooth function is met V is called the phase field function; it is scaled to match v near +1 to liquid
phase and v near -1 to solid phase. The interface is defined implicitly as the set of points where v is missing.
We aim to have a Lipschitz stability estimate of the H1 standard, with only one observation in a limited
domain, for the separation of two conceivable diffusion coefficients. An L2-weighted inequality of Carle
man's type for Phase Field System solutions which are later expressed is the key to these reliability results.
In the measurement of a solution over TO,T x SI and some measurement at a set time of T'€ only a single
paper appears to be found if an allegorical system has an inverse problem. See where the synchronous
rehabilitation between one coefficient and the initial reaction diffusion system conditions are discussed
(to,T). There are, however, few literary works available for the accurate control of the illustrative systems,
such as phase-field models with one control driving and a corresponding result with two control powers.

We can rapidly portray the main objective of our work as follows. Let the following system (it*, v*) be the
solution

uf + luf — V(a}(2)Vu*) = fi(z), inQ, |
v — V(aa(z)Vv*) + bv* + cu® = fo(z), in Q)
u*(x,0) = uy(z), v*(z,0) = vy(x), in 2,
u*(x,t) = hi(x, 1), v*(z,t) = haolz, 1), on X.

Ty

(1.9)

p=u—u’, g=v—v"and f=a; -] o the subtraction of (1.9) from (1.8) yields

Set
py + lg — V(ay(z)Vp) = F, inQ, |
g — Viaz(2)Vq) +bg+cp =0, inQ,

p(z,0) = pg(z), q(x,0) = gp(x), in Q,
p(z,t) =0, g(x,t) =0, on X,

7 (1.10)

Where £ = V(f(z)Vu*)We shall make the following assumptions

Assumption 1.1Suppose @(#) = u1 >0, ax(z) 2 p2 > 0 1m Qi €} exists and all of their products are limited
to the positive constants up to the third order respectively

¢1, 0o and c(x) 2 ¢g > 0 in w, exists, where w, € w € (1.

Dirichlet boundary data hi and h2 are regular enough and assume that the second coefficient of diffusion a2
is provided. We also assume that the measurements are restricted

g in Q. and p(r.0), Vp(r.8). Ap(x,8) and V(Ap(r,6)) in © for tor some fixed ? € (0.T), are
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given. The question at stake now is whether the diffusion coefficient can be determined based on the above
measures.

More precisely, let (u,v) and (u",v") Be the systems solutions and be respectively the systems solutions.
Then to be smooth enoughp(x,9), there exists a constant C >0 depending on

L w, T, py, pa, €1, ¢y and ¢q satisfying
Our work gives stability results with constant diffusion coefficients for reaction diffusion systems, while our
work results for phase field models with variable diffusion coefficients. Moreover, the technique we use
here enables us to create two terms of stability associated with a single observation and emphasizes that
there are no such results in the literature on parabolic systems. In addition, we could not get the estimate that
both diffusion coefficients are simultaneously reconstructed. The problem becomes more complicated for
such a reconstruction of two coefficients.

CARLE MAN ESTIMATE FOR COUPLED EQUATIONS

In this section, we present an estimate of the Carle Man type for the phase field system with a single
observation on the right of the subfield u> gage. Carle men's gauge is not used specifically to show the
diffusion coefficient as it shows that the gauge has different weight functions on both the left hand and the
right side of the same model with a certain control limit. The creators have also used the multiplier method
to identify an inequality like (1.10) with the linear zed phase field system. Nevertheless, we use a rather
unique approach which covers various burdens in the main equation for dealing with the additional derived
time.

Proper Weight Functions

First, two weight functions are defined that are helpful in monitoring.. First, we assume that an ip=p(x)
function is found regularly, with certain characteristics defined on Q.

[ e+ 1950 <€ [ o
a Qu
+C fn (IVp(z, ) + |Ap(z, )] + |V (Ap(x, 0)))7) da.

P(z) >0 Ve eQ, |Vy(z)|>2(¢(>0 VYre and ‘—9—% < 0 Vr € 09,
v (1.11)

Wherev denotes the outward normal to €21 a function such ip can be established, the weight functions
can be introduced now ¢» @ : @ = R

Ox,1) = I/B(t) and alz, ) = (Wle® — M) /5(0), |

Where A(t) = H(T = t)Note that weight an is a good weight, with t = 0 and t = T blowing up to +00. The
functions therefore € > #€~*** are smooth and they vanish at = 0 and = and also note that 0 for all
@(z,t) 2 C > Oforall e >0 and m € R.

6] < C(VTE?, |ou| < C(NTH* and |au| < C(Q)T°.

We also need the following assessments for the functions to demonstrate the main inequality (p and a: We
are now denoting a generic positive constant with C'(fl), Its value varies from line to line and may vary with
the ip products and S2, T. You can get the following with simple calculations

& S COATF, o < C(QTS* and fau| < C(AT*6™ (1 13)Further note that

Vo = AoV, Va = -A¢Vy and 671 < (T/2)° Allow UM to be an M-bound set throughout this chapter,
where M is some positive constant by

Um = {k € L) : ||k||poe(ny < M}.

(1.13)Model Translation and Key Estimate
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First, the problem (1.14) can be translated in the initial equation into a model without a complicated time
derivative gt (note that q is the second equation solution)

pe = V{a1(x)Vp) + IV (a2(2)Vg) —ep—big = F, in Q. |
 — V(aa(x)Vq) +bq + cp = 0, in Q.
p(z,0) = po(z), q(r.0) = gq(x), in
plx, 1) =0, gz, t) = 0. on X,

7 (1.14)
When the functions now apply to the second equation in (1.15) (referred to by (1.14) let q be the solution in
(1.15) for general parable balances and assume Assumption 1.15 is true. So for everybody A 2 Ad(©2,T) > 0
there exists a constant C >0 depending on Q,w, T, b and ¢ gng csatisfying
I(q) < C(/ e~ % p|dtda + 33,\4] 8_23“¢3[q[2dtd$),
Q Qo (1.15)

Where %1 isan open set satisfying wo € wy € W an

I(g) = (sA) l[t‘ Boa= g2+ Aq “Jdm’.r-—f e (s A2\ V|t +5° Mo g dtdr.
Q o

On the other hand, by multiplying (4.2.5) 1 by ‘7 =) we get
(T ~ t)p) — V(ay(z2)VHT = t)p) — c1t(T — t)p
= FHT —t) = IV(ay(2)VQUT — t) + byt(T — t)g + p(t(T = t)),,

HT = t)p=0 in .
(T'=tp=0in % (1.16)
H{T—tp=10 in E.
Presently, applying the classical Carle man gauge together with the gauge (1.16) for the equation (1.16), we
obtain

I(p) < C([e‘zsaé"le|2dtd$+33/\4f e~ p|p|*dtdx
QR Q

w1

+/ e 252\ IV (ay V) + b1q|2dtd.r),
Q (1.17)

for s > C'T and A > 1, where
I(p) = (s)! / e'z“‘aﬁ'?’(nglz+|Ap|2)dtd9:+/ e (s 207 Vp s Mgl dtdz.
Q Q
Please note that the time factor multiplication changes the weight function forces @ it Z(P)New weights in
Z result (p). This is now possible to estimate the last term on the right (1.17) as
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/ e % %IV (ayVq) + big|*dtdz
Q

< 3 / e 2(|IVayVg|* + lazAg)* + |byg|?)dtdx
Q

I

332,\((3A)“fe'“z““g{)“1|Aq|2dtd:€+s,\2fe‘2§“¢5|Vq|2dtdr
Q Q

IPON [ e—m@a?’[qﬁdtdx) < $\I(q)
Q
Provided The estimate (1.17) can now be written using the above estimate with (1.16). as

f’(p) <_: C(er_szl&wQEFPdtdx+33/\4f Bv230¢‘p|2dtd$

“1

+52) f =25 p|2dtdz + s>\ / e*zsa¢3|q|2dtdm)
Q @

w1

Thus for any s > 3 = max{3,,$,, CT?} and A > 1,

I(p) < C( [ e 5%y 2|F| dtdx + s*\* f e 2(o|pl* + 32A¢3|q|2)dtdm)
lQ Quy (1.18)
Now coupling the estimates (1.17) and (1.18), we have

() + Z(p) < C /Q 625072 | F 2 dtdz

+33/\4/ e % (olpf* + 32A¢3|q\2)dtd:s).,
Q

“1

for the choice of s > 5 and A > Ay = max{)\y, Cv/T}. (119)

s3I\ fQ.,l e~ 259 ¢|p|*dtdx

Estimation of

In this section, we estimate the integral I over Qu, op the right-hand side of (1.19)

in terms of lal* over Q. to this end; first we introduce a truncating function X € C5*(€2)
satisfying

xX(z)=1in z€w;, 0< x(z) <1lin z €wy, x(x) =0in r € Q\ws, (1.20)

Where w1 € w2 € w € (),

Now we multiply the equation (1.20)

83,\4/ CCH250¢X-|p]2dtd.T o 83/\4f ef2aa¢'xp[__qt + V(azvq) B bq]dtdz

o '
| e

- I[ +12 + I‘g (1.21)

Now we estimate the components T, | = 1, 2, 3 each. Integration in integral T in parts with time, we achieve
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I, = —284)\4/ e“zs“tf)xatqutd;r+s3)\4f e 2%y yqpdtdz

w

+5° A1 f e~ 5oy gp,didz

314 ~2sa 4,12 CT? 5.4 ~2sa 4512
< 018°A e “olp|Sdtdr + ——s° A e “*¢’|q| didx
w! i‘ [
CT?
+——s*A! f e~ p3 g dtdx
01 Qu
+51(s)\)'1f e~ %073 |p, P dtdr + 5937/\9[ e~ 2" |q|*dtdx
w 1 [
T C 7o ~2sa 15| 12
< 51(p)+ 3 A e “4¢°|q| dtdx,
1 w
Whenever * 2 1 and s 2 CT(1+ VT) and for 6, > 0. estimating by first we

obhserve that
IV (ge™>*x)| e (ASVX + 25Ad*Vihx + oVy)|
C(0,w)she™%9*, forany s > CT and ) > 1.

Similarly one can obtain
V(e 2x)| = |e"#*(AoVihx + 25A¢°Vx + ¢V X)|

< O, w)she #%¢*, for any s > CT? and A > 1.
Using the theorem Green and the above estimates, we have

VAN

I, < 6253)\4/ e_“?’“(ﬁ|pi2dtd.r+6gs)\2f e 2% | Vp|idtdz
w Qu
-1 -280 4 —3 2 . 9 Tr8 —-2850 45 2112
+d2(sA) e 07| Ap|dtdx + 58 A e” =’ |ay|°|q| dtdx
Qu 2

C P C < .
+—37A“/ e~ 26 |ay |*|q|*dtdz + .—35)\6/ e 93| Vay,|*|q|*dtdx
dq Qu 02 Q.

= C

< O 1(p) + 6—.47)\9/ e~ 2525 |q|*dtdx
2 Q.

Provided * = C| f"-ﬁ'“im(m and s > CT?||Vay||L=n and for d; > 0.

estimating the integral I3, we also get

I; < 5333/\4f 8_25“¢|pizdtd$+6€33)\4f e 2 p|bl? || dtdx
if 3 [

< 651(p) + 31-—8?/\9/ e~ 226 q|2dtdr,
3

w

. > 1 and s > CT?|b||}/2 .
for sufficiently large Az Land s > CT7bllx g, and for 65 > 0 With the presumption that the c(x) and

inequality coefficients are met and 6, = c0/6C for 1 < | < 3 are now read as
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s3A1 f e~ > |p|*dtdx
Q

“1

< G( [ =250 62| F2dtds + 57\ f e*z-"“¢5|q|?dmm),
@ _ Qu (1.22)
A > A = 111|a:-:{)'m. Cllaz||} <} and

For the choice of *
s > so = max{, CT*(1 + 1/T + VT /T + || Vas| ooy + [Ib] 2 0)) }-
Eventually, substituting the inequality (1.22) into (1.23), we obtain the following

Carleman estimate:

Theorem 1.2.1(Carle man Estimate) Let ¥. @ and abe defined as in (1.22)-(1.23) and the coefficients I,c €

UM and b € L°°(Q). Suppose Assumption 4-L| on the coefficients a\(z), az(z) and '51(""]Just hold true.
Hold true. Then exists A0 > 0, so that the following inequality applies to all A > AQ and all s > SQ if a
constant C > 0 is p and all p q satisfying p,q € is independent

f(?) +I(q) < C( /;) e ¢ |F|?dtdx + 37,\9[; e_2s“¢5[q|2dtd;r),
. (1.23)

STABILITY OF THE PHASE FIELD SYSTEM

We now have an estimation of the diffuse factor as stability. The inequality of two materials (with the same
geometry) estimating the difference between the a \ and a \ and Vtq and VaJ coefficients with the high limit
of certain Sobolevqt solution standards and certain p-spatial derivatives at the point = 9, where 9 is a point
between 0 and 0. A minimum value point of 1 fp (t). For your convenience, we refer to Q(x,9) as follows: =
Q. = Q. In evidence of this stability assessment, the Carle man assessment in the previous section will be the
most significant component.

Now set pt = y and gt = z, and you can write the system (1.24) as the solution with the following method (y,

2):

. Y
yr + lzy — V(ay (2)Vy) = F, in @,
2zt — V(a(x)Vz) +bz+ ey =0, inQ,
~ ~ >
y(z,0) =F, z(x,0) = G, in 2,
y(z,t) =0, z(z,t) =0, on %,
7 (1.29)
where F, = V(fVu;), F= Fy—~1lzp+V(a;Vpg) and G = Viay(z)Vgp) — bgg —
Where P theProof of the stability gauge

follows certain ideas used in the limited domain for the Faltering system and in the unlimited domain for the
Schrodinger equation. We will divide the evidence into several straightforward steps in order to clarify the
proof of the main outcome by proving them as preliminary results with the following norm.
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Assumption 1.3.1 [f ug G C3 (fl) is a true, valuable function, ug and all its

derivatives are bound and fulfilled in order of three. Vi -Vug| 2C >0

Assumption 1.3.2 Suppose Au'l, [V(Au)], [Vui| and |Au}| gre bounded by a positive

constant.

Lemma 1.3.1 Consider the partial differential operator in first order, where ug meets

Assumption 1-3.1. Then a constant C > 0, so that the following inequality holds

sufficiently large X and s:

sgff e~ gt g|Pdr < C/ e™#% o3| Pogl*dz,
0 0

Pog = VU@'V_(],

Proof. Following the techniques of let us consider

=Sy D [ 80 i & o XPV )
¢ "1”(( ”w) == '5“"10“” ¥ PO“" where we note that 9 € Hs(S2).

Then, by the formal integration by parts with respective to space variable, we obtain

/ 07 °|Qow|dr = &* / 65| Pocg||w|*dx + j 65| Pyw|*da
Q Q2 0
+2s f g 3w Pycrg Pywda
Q
= 32A2[¢51(V-u3-V’e;'))glwlgdx-i-/.¢E3|Pﬂw|2€i$
2 0

-23)[@;2{Vu9-Vﬁr){v-ug-Vw)wdx
Q

v

$2)? /ﬂ by |Vug - Vo [*|wldr — 25)* /ﬂ &5 |Poy [l dz

+sA / ¢;2V(Pngug) |w|2d:r
Q2

Using Assumption 4.3.1, we obtain

[ ¢y °|Qow|?dx > (c15° AN — coTsA — 63T23A2)/ oy |wl*dz.
0 o]
Now for any A > 1 and s > 4(c; + ¢3)T?/cy, it is clear that

s2)\? [ e 2% g|Pde < C/ 0| Qow|*dz = Cf e 2% ¢ 3 Pog|*dr.
Ja 0 Q
The proof of the Lemma 1.3.1 is thus concluded.

Currently, with the assistance of Lemma 4.3.1, we demonstrate the following proposition that provides the
key evaluation of the main result.
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