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Abstract:

As mathematical models for the transitions of phase, phase field systems have been noted at the latest.
In view of several authors (we talk of Penrose and Fife's work and take account of the exhaustive
explaination of basic science), we review the phase field models first introduced, and subsequently
reexamined and improved from a thermodynamic point of view, to expand the enthalpy technique on
Stefan’s problem to make it conceivable; In later years, mathematicians have worked incredibly hard
to study several versions of the model, with interesting results in the presence and consistencies of
solutions, as well as in relying on physical parameters.
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INTRODUCTION
The easiest linear phase field model can be composed as an explanatory equation system which describes
transitions between two states in unadulterated material (u and v) as a solution, for instance strong or fluid.
'
w + l(z)v, — Au+a(z)v = fi(x), in Q,
v — Av + bz, )+ c(z)u = fo(x), in @Q,
u(a:,ﬂ)‘ = ug(x), v{z,d) = vg(z), in £,
U(E‘,t) = hl(:ﬂ:t)ﬂ ’U(I, t) = h‘?(mrt): on E?

/
(1.40)
For dimension limit 30 of class C2, open-bounded subset of R." The coefficient L € L°(0) for latent heat is
bE CI(Q); a fixed value of some EUR 9(0,T) is adequately consistent and the semi-initial value ug is
sufficiently normal (for example, ug,Vg) £( H2(O))). Non-zero smooth Dirichlet border data Hello: S —> R

is ke (fi, f2) € (L3(Q))? ' ' istributi

pt. and are given functions. The response u shows the distribution of the
temperature of a surface area 0, which can be strong or fluid in two stage and smooth (when the melting
temperature is zero). The phase field function is called V and the purpose is to scal v almost+1 for one
phase, for example the fluid phase and v near the -1 for the other high phase. The function of the phase field
is clearly visible and differentiates among different phases.
It has also been identified with small amounts in numerous areas of factual mechanics. The request
parameters are combined with other variables on a system with complex elements and are constrained to
have a fixed value in the weight temperature plane on either end of the balance competition curve. The
obscure a(x) and c(x) coefficients are considered smooth enough and are kept free from time t.
In this section, the aim is to achieve the stability estimate of Lipschitz by the internal measurements of one
observation in a limited area of dimension n < 3 in de-determining the coefficients a(x) and c(x). An L2-
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weighted inequality of Carle man type with solutions to phase system solutions will be the key ingredient to
these stability results, which is quickly explained later. The phase field system controllability was
investigated. We follow the strategy used to obtain a Carle man estimate by means of two observations in
various transformations identified with inverse problems and conclude another Carle man estimate by using
certain vitality typology.

In a warmth-conducting system, the first temperature and warmth coefficient were simultaneously
reconstructed by Yamamoto and Zou Since Carleman's global estimates of the stability of a reverse problem
concern the explanatory system, the reverse measurement of a variable coefficient and constant illustrative
systems was subsequent combined with one or more reverse measures. Confrontational reconstruction of 1-
solution measuring factor over (f0,T) x fi, and some measurements at certain times, T'€ and initial reaction-
diffusion system conditions will take place, for example (t0, T). Conversely, all (or some) coefficients of the
reaction diffusion convection system were examined by observations of arbitrary sub-specific observations
over a time interval of only one component and two components at fixed positive time 0.

We wish to determine the coefficients a and ¢ by side-dates for only a single component. Let (u, v) be the
following coefficient system solutions (li, a,b,c) and the same form semiconductor border data {ue,v$)

U+ 1(2)0 — AU+ a(2)t = fi(z), inQ, )
e — AT + b(z, )T + &(z)i = foz), inQ,
u(z,d) = up(x), v(z,d) = vy(z), in Q,

ﬁ(l’,t) = hl(:r: t)'.r ‘ﬁ(ﬂl,t) = hg(ﬁ,t), on . 7 (1.41)

We set pix, §) = u(x, 1) — ufx, 1), gix, t) = vix, t) — v(x, t), fix) = af{x) — a(x) and g(x)

= ¢(x) — e(x) so that the subtraction of (1.41) from (1.42) yields
pe+Uz)g — Ap +a(z)q = fR, in @, )
g — Ag+b(x,t)g+clx)p =gR, inQ,
p(z,0) = po. q(z,0) = gs. in €,
plz,t) = q(x, t) =0, on X%, e

Where Rix,t) —vix,t) and 1Zixt) = -uix,t). Here and henceforth, for our convenience.

L.

we denote ((x,0) := Co- Again by a simple computation with the transformations

q(z,1)

y($1 t) - p(‘rat} and z(:ﬂzt) = mu

for all (z,1) € Q,

The system (1.43) becomes
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A

4
y(z,0) =py, z(z,0)= Eﬁm, in 2,
Ry
x,t)=z2(x,t) =0 on X,
y(z.1) = 2(2,8) = 0, ) i
Where the coefficients
R AR
K(z,t) = IR, A(z,t)=aR +IR,, B(x,t) = —,ki - = +b
D(z,t) = —-2;R and E(z,t) = %
Further we set I4 = yr and V = z#; then (14, V) satisfies
U+EV,— AU+ AV + KV + Az=fR, nQ, |
Vi — AV + BY + DVV + EU + F¥ =0, in ),
’
U(z,0) = Fp, V(z,0) = Gy, in €2,
U(z,t) =V(z,t) =0, on %, |
Where

Fv = Btz + Dsz + Ety
And the semi-initial data
Fo = fRe — KgGg + Ayp — Apzg

and

Gy = g+ Azg — Bgzg — DyVzg — Egys.
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In order to proceed further, we make the following assumptions:

Assumption 1.1.1 Suppose the time-independent coefficient cfx) = CQ = 0 in OJ2

exists, where u=2<s=ud 0.

If the source term and the factors in (1.44) meet certain conditions of smoothness and

compatibility, we also have the following limitations:

], W, | Adl, VAT |, e, |V, A, 7]

Assumption 1.1.2 Suppose are hounded

by a positive constant My = M {LT) > 0 for all (x.t) € Q.

The Dirichlet boundary data &; and h, are sufficiently regular. Also we assume that

the bounded measurements z, in @, and for some fixed 8 € (0,T)the terms
Pe: Aps, gs, Vg and Agg in Gip are given. Now the question under interest is

whether we can determine the time-independent coefficients @ and ¢ from the above

given measurements for the cases s = g, Vs = Uy and ug # Ug, vy # Vp.
More precisely, let (u,v) and (u, v) be the solutions of the systems (1.45) and (1.46)respectively. Then for
sufficiently smooth (u,v) and (4, U)there exists a constantC >0 depending on Q,w,T, My and co satisfying

lla — a“ii(n) + e~ alizm} < C”QEJ%II{[],T;LE{w}]?
z,0) = ii(x,6), v(z,0) = 5(z,0)

For the case u(

|a - ﬁ“iz(n} + Jle - aﬁﬂ(m < C(||'?H§11[n,r;1,2(u)}
for the case u(z,8) # u(x,0), v(x,8) # v(x,0).

We note that we have achieved stability results for a phase field code with variable diffusion coefficients in
section 4, but this work establishes the after-effects for the recovery of two phase field models temporally
independent with one observation. Moreover, the technique used here permits us to achieve a stability result
of 2-term, 1g. It is also noteworthy that it is impossible to immediately use the technology that is used to
discuss the stability results of the reaction-diffusion-convection system, as the phase field system involves
time-dedicated terms in Carle Man's estimates.

STABILITY OF THE INVERSE PROBLEM

We first prove the Carle man type for a phase field system with a single observation on the right side of the
assessment of a subdomain u of 0. In Part 4, Carle's men cannot evaluate a model with variable coefficients
specifically by determining a diffusion coefficient with a single observation to prove two coefficients,
because the estimate has been confirmed on the left and right faces of the model with different weight
functions. The estimate of Carle men is based on Part 4.

Weight Functions and Notations

In the next sequence, we first define two weight functions that are useful. Let's be a fixed arbitrary sub-
dome of 0. First we assume that a regular and positive function can be found with certain properties to fulfill
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P{x) >0 Ve e Q, ¢¥(x)=0 Ve dQ,
|V(z)] > 0 ¥z € M\wp and 3£ < 0V € 99,
Y (1.44)

Where v denotes the outward normal to 30 for the existence of such a function ¥

one can refer to Now we introduce the weight functions A>1,te (0, T}:With A

=1, t€(0, T):

é(x’t) e e““’(f)/ﬁ(t) and o(z,t) = (emuwnmm _ e"ﬂl[:r))/ﬁ(t)’ (1.45)

Where 2(8) = H{T — ). Note that the weight function « is positive and blows up to

f—isn‘ l:f?{!_”“_.

tocatt =Dand t=T. a5 3 consequence, the functions etc. Are

smooth and they wvanish at ¢+ = 0 and ¢+ = T Also note that
e ¢gMm < C<ocforalle >0and me R. oo oo ced the

following assessments for functions p and an in order to prove the main inequalities.
We will now point out a generic positive constant with C (S2), the value of which

varies from line to line and depends on ip, its derivatives, and Q. T. The following
estimates can be obtained by simply calculating Further note that @(z.f) = C >0

(#,t) € @ and e™*@9™ < ' < oo for all e > 0 and m € R. | . say that,

throughout this paper, let's have a L® A/-bound set where M is some positive constant
defined by Our primary interest is to obtain an estimate from Carle Man for the {U,
V) system solution in Qw, with one observation that would be used to achieve the
result of the stability.

Main Results

Firstly, in the first equation (1,46), we translate the issue into a Vt time model without complicating time by
properly substituting the second equation terms (remember, V is the second equation solution) as

U — AU+ KAV + VYV + LY + U+ G = fR,, in Q, )
V, — AV + BV + DVV + EU + F¥* =0, in Q,
;
U(z,0) = F5, V(z,0) = G, in Q,
U(z,t) = V(z,t) =0, on X, | (1.46)

Where Fyvz, Fg, Qg are defined in (1.46) and

GY* = (At - KB;)E — KD{VZ - KEty,
h=-KD, lhy=A+K,—- KB, l3=-KF.
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We divide this section into two cases such as

(1) ug=1p, vp =71y

(12) ug # ug, vp # vy

We are currently required to independently establish the Carle man type assessment for case (I) and (ii)
using these assessments and to Display steady estimation of Sobolev Solution Standard g of (1.46) on g on
case | and on Sobolev Solution Standard g of (1.47) on Qw and spatial derivatives p and q at 9€ (0,T) on a
case basis over fi (1.47) on case (1.47) (ii).

Internal Carleman Estimate for Case (i):

Step 1.We are currently applied to the second (1.45) (alluded to (1.45)2) equation, the classical calculations
derived by Carleman for general illustrative equations (see example). May V (1.45)2 be the solution, and
assume Assumption is true.

Then for any A = AO (0, T) > 0 and 5 = s¢(O, T, M) = 0, there exists a constant C = 0

depending on f7,0; T satisfying

(V) < C( / e~ 32| EU + FY*2dtdz + 55N} f
Q Quy
Where i is an open set satisfying «0 ujl <g to and

e"25“¢3|V|2dtd;r:),

(V) = (SA)“I/(ge"zsacj)"l(thF+|AV|2)dtd$

- / e~ (sA%|VV)? + $* Mo |V|?)dtdz.
Q
In case (1), we note that

V) = (s\)! fQ 524 (V|2 + |AV]?)dtda

- / e B (sA20|VV|? + s X ¢%|V|?)dtdz.
Q

Then the above estimate becomes

t ¢
(V) < C([ e~ 2 EZ/[-I-Bt/ V{.’B,T)dT-F-Dt/ VV(z, 1)dr
Q o ]

¢ 2
+Et/ U(z,r)d'rt dtdx-%—sgz\‘z] e"zs“¢53|V|2dtd3:).
# Qu

In order to estimate the primary con%ponent on the right side, the following standard estimate is necessary.

g and o € CYQ),

Lemma 6.2.1 For fixed 2

- (O
aeC [QL Satisfving

f e—?..sa
Q

Proof. The proof follows the simple ideas from . Consider the integral

there exists a constant

t 2 CT?
f W{x,r)dr| dtdr < —— / e~2°\Wikdtdz, for s> 0.
g @
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T t 2
// e 2 f W(:z:,*r]d*r| dtdx
aJo 0

0

=[/ 6—230

2 Jo

t 9 T
]W(:r,r)dr dtd-x+f[ e~
f QJ8
== I] +I')

Using the Cauchy-Schwartz inequality, we estimate the integral 7> as follows

I, < ff Tt~ /[W[ng)dtd:r,

Where = T/Q' Now from the definition of a, we have
E?MW’HC@} — eMlz)
(T — t)?

oy > 0fort € (0,T) and e 2%, = —2—13(6‘25“);. Then 7, becomes

L 2
f Wiz, r)dr' dtd
é

-

Gy — 2(t—9)

We note that the function at

2
_T ff m2say /[W| dr)dtdz.

E—Zsul{ﬂ:1 = ()

The time integration by parts and the fact that * lead to

2 T
ECT f/ e |\W|dtdz.
s JaJe

Similarly one can easily obtain the following estimate for -

2
7, < 2/[ e \W|*dtdz.

Coupling the estimates for 7and 7> one can conclude the proof.

Using Lemma 6.2.1 and Assumption we then obtain that

T, < f f ey / \Wdr) dtda,

IWV)<C(l+s 1)/ “2’“|L{|2dtdac+Cs3A4[ e ¥ |V| dtdx,
@ @y (1.47)

For any s > so — max {5, CT(1+VT)} and A > 1 and the constant C depending on

1
2w, My, M and b. and b on the other hand, multiplying (1.45) Y(t) == [H(T = #)]2,

We obtain
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(YU + () (KAY = AU + [LVY + 1LV
+lU + GY*) = ~(t) fRy — w(t)U, in Q,
= X
v()U =0, on ) a0

Applying the classical Carle man estimate to the equation ( 1.48), we obtain

IU) < C(/6“23°¢“3|th|2dtdI+s3,\4/ e =Y Pdtdx
Q

Wy

-

+ f e~ 23 KAY + [,V + L,V|2dtdz
Q

+ f 6‘239¢‘31{¥y’12dtd1'),
¢ (1.50)
for anv s > CT and A > 1, where

—

Z(U) = (sA)~! / e G (|U)? + |AU|? ) dtda
Q

-I-/ e (A2 VU + $* A U|?)dtdz.

Q

Forany * 2 So=CT*(1+T+T* and A > 1. Using Lemma 6.2.1, we have
s> 5 =CT*(1+T+T?) and A > 1.

For any = = Making use of the above
estimations, the estimate (1.51) becomes

IU) < C( fQ e~ 73 F R, |2dtdx + P\ f e~ |U|*dtdx

+(1 + s N)I(V) + 32}\4]

Q
Applying the estimate (1.51), the above estimate can now be written as

¢ 250 |M!2dtdsc) .

e

TU) < C( f e~250 073 £ R, 2dtda
Q

+501 f 2 (U + 52X | VI?) dide ).
Quy

Provideds =s0= max{so, 8.5, C} and A > 1. Ny coupling the estimates
(1.51) and (1.52), we have
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IV) +IU) < C( f e3¢ 73| f R, dtdz
Q

+53\ f 5‘23“(|Z4’]2+32A¢53|V|2)dtd:r):
Qu,

U -
For the choice of § =50 80d A 2 Ao,yhere the constant € depending on Q, co, T,
M, M\, b.

g fQ..-] e~ | |*dtdz

Step 2 Estimation of

U

Now we estimate the integral
over (L, on the right-hand side of in terms of |V|2 over Qu-To this end, first

we introduce a cut-off function p € C5°(52) satisfying

plz) =1 in r€w, 0<p(z) €1 in zEw,, plx)=0 in r € N\w,,

Next we multiply the equation by s3X4e~2sapU and integrate over

S\ / ce” U |*dtdz
= 33/\4f e S pUR[=V, + AV ~ BY — DVV — F¥¥dtdx

5
= ZK:i
i=1

Now we estimate the integrals

(1.51)

one by one. Before estimating /C

K:h‘izli“'rS

1, we first observe by, Assumption 1.1.2, that
(E—Esan)t < CTquEE_gsa,

For any s = CT3 Now integrating by parts with time in JC1, we obtain /C:

K, = 33)«4/ (E“QSGR}iWthdﬂ:—E-S?‘/\J‘f e B R pVU, dtdx
Qw

]

. , T?
< 6133/\4f e‘zs°|2/{|2dtd$+c{; s°A4[ e ¢! |V|*dtdr

1

+5937A9 f e~ BNV 2dtdr + 6, (sA) 7! f e” ¢ U, P dtdx

1 Qu

< 51i'{u)+5£s?A9 / e ¢! V| dtdz,
1

Whenever A > 1 and s > Crand for ~ > 0. In estimating K, first we observe that

wt

e
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V(e 2 pR)| = |e >*(2sAgVYpR + VpR + pVR)|
< C(Q,w, My)she™%p, forany s > CT? and A > 1.
Similarly one can get
IA(e"%pR)| < C(Q,w, M;)s*N\2e"22¢%, for any s > CT? and A > 1.

Now using Green’s theorem and the above estimations, we have

Ky < §p5° A\ / e~ B Pdtdx + §,s)* j e~ |\VU P dtdz

w w

+0y(sA) 7! f 8"230¢"4|AU|2dtdm+gs7AB f e~ B! |V [Adtd
W 2 'S

+§—57/\9/ e 2! V| dtdz
2 wl

< aﬁmn%ﬁg / e~ B4V 2 dtdr
2

Provided A > C and for S>> 0. Estimating the integral /C;, we also get /C; <

wh

Ky < 6333,3«4/ e_gmlmzdtdz-i-&gss)\“] e~ %% B*|V|*dtdx
. 3 .

< 5;:,%(6()-%%371\9/ e~ 2|V dtdz,
3

f

For sufficiently large A = C and ford; > 0and for & > ﬂ‘ﬂgﬂin using Green’s
theorem, we have

Ky < 5433,3\4/ 8‘2331M|2dtd3:+543/\2[ e 3%~ 2| VU dtda

w Qu

+5—s3/\4/ e‘QSQIVIthdI+5985/\ﬁf e 2|V dtdx
1 . s

< 64f(u)+5ls"').9 / e 2|V dtdz,
4 b

Forany s > €72 and A > | and for 54 > 0 Now we estimate the integral /C5 as

[Fe)

follows

Ks = 53)\4/ e **RpU [Biz + D,V z + E;y]dtd:z

= £1+£2+£3.

It is easy to see from Lemma 1.2.1 that
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Ly < 65580\ f e‘zm\ulzdtdxwtgsaf\“ / e~ % B, z|*dtdx
[re) 5 (")

~ C .
< 6I(U) + 5—3?A9 f e 3| V|*dtdzr,
D
Provided s = CT2 and A > 1. Now the estimate for the integral £2

Ly, < 5533/\4/ e_QSGIZ/IIthd:I:+553/\2/ e %072 | VU | dtdx

wr w’

w

t
+5235)\6f 6_23&¢2|] V(x, 7)dr|*dtdz.
6 " 9

In this assessment, the third integral can be estimated further with the help of the inequality between Cauchy
and Swarz and Fubini theorem.

t 9 f ¢ 2
f e'gmt}bglf V(z, T)d’rl dide = // e'z“’fﬁ?‘/ V(z, T)dTI dtdz
Qw g wJ0 t

T t
- f f e 2 p?| / V(z, 7)dr|*dtdz
wJdh ]
= M + N21

Where & = T'/2.the estimation of the integral Nl) as follows

T T
N, <CT f f ( / e‘z‘*%ﬂdt) Vidrdz
wJe T

T
SCTsz e~ B 52 (5 )V (z, 7)2drdz.
w8

Likewise the following estimate can be easily obtained JV2,t € (9, T).

T T
Ny <CT f f ( / 8‘23&¢9dt) Vdrdz
wJé T

T
ECTiff e~ B g (g 1)\ V(z, 1) 2drdz.
w8

The two inequalities above followed from the second theorem of the mean value and the manner in which
the weight function increases in the interval (0, 9) and decreases in (9, T) (both as for time only). Currently,
we achieve the above two inequalities.
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