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1.INTRODUCTION:   

The fuzzy set notion was first introduced by Zadeh [20] in 1965. Kramosil and Michalek [8] then created the 

fuzzy metric space concept, which George and Veermani [4] further refined. Numerous researchers have 

applied distinct mathematical results in diverse ways to fuzzy metric space [1, 2, 3]. Sessa [17] introduced the 

idea of a weak commuting property, which enhanced the commutative condition in the fixed-point theorem. 

Jungck first proposed the idea of compatible mappings for self-maps in 1986.  

Sedghi and Shobe [16] proposed m-fuzzy metricspace in 2006 and established the common fixed- point 

theorem for weakly compatible mappings, which is a generalization of fuzzy metric spaces. 

 

2.PRELIMINARIES: 

Definition 2.1: A binary operation *: [0, 1] × [0, 1] → [0, 1] is a continuous t – norm if satisfying condition: 

(a) * is commutative and associative; 

(b) Is continuous; 

(c) a * 1 = a for all a ϵ [0, 1]; 

(d) a * b ≤ c * d whenever a ≤ c and b ≤ d and a, b, c and d ϵ [0, 1] 

Definition 2.2: A 3-tuple (𝑋, 𝑀,∗) is called a 𝑀- fuzzy metric space if X is an arbitrary (non-empty) set, * is 

a continuous t- norm, and 𝑀 is fuzzy sets on 𝑋3  ×  (0, ∞), satisfying the following conditions: for each 

𝑥, 𝑦, 𝑧, 𝑎  𝑋 and 𝑡, 𝑠  0 

(1)M(x, y, z, t)  >  0; 
(2) M(x, y, z, t)  =  1 if and only if x =  y =  z; 
(3) M(x, y, z, t)  =  M (p{x, y, z}, t), (symmetry) where p is a permutation function; 
(4) M(x, y, a, t)  ∗  M (a, z, z, s)  ≤  M(x, y, z, t +  s); 
Remark 2.3: Let(𝑋, 𝑀,∗) be a 𝑀-fuzzy metric space. Then for every 𝑡 >  0 and for every 𝑥, 𝑦 ∈  𝑋, we have 

𝑀(𝑥, 𝑥, 𝑦, 𝑡)  =  𝑀(𝑥, 𝑦, 𝑦, 𝑡) Because for each  >  0 by triangular inequality we have 

(i) 𝑀(𝑥, 𝑥, 𝑦,  +  𝑡)  ≥  𝑀(𝑥, 𝑥, 𝑥, )  ∗  𝑀(𝑥, 𝑦, 𝑦, 𝑡)  =  𝑀(𝑥, 𝑦, 𝑦, 𝑡) 

(ii)  𝑀(𝑦, 𝑦, 𝑥,  +  𝑡)  ≥  𝑀(𝑦, 𝑦, 𝑦, )  ∗  𝑀(𝑦, 𝑥, 𝑥, 𝑡)  =  𝑀(𝑦, 𝑥, 𝑥, 𝑡). 
By taking limits of (i) and (ii) when  →  0, we obtain 𝑀(𝑥, 𝑥, 𝑦, 𝑡)  =  𝑀(𝑥, 𝑦, 𝑦, 𝑡). 

Definition 2.4: Let (𝑋, 𝑀,∗) be a 𝑀 −fuzzy metric space. For 𝑡 >  0, the 

(1) open ball 𝐵𝑀(𝑥, 𝑟, 𝑡) with center 𝑥 ∈  𝑋 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 0 <  𝑟 <  1 𝑖s defined by 𝐵𝑀(𝑥, 𝑟, 𝑡)  =  {𝑦 ∈
 𝑋 ∶  𝑀(𝑥, 𝑦, 𝑦, 𝑡)  >  1 −  𝑟}. 
(2)  A subset A of 𝑋 is called open set if for each 𝑥 ∈  𝐴 there exist 𝑡 >  0 𝑎𝑛𝑑 0 <  𝑟 <  1 𝑠uch that 

𝐵𝑀(𝑥, 𝑟, 𝑡)  ⊆  𝐴. 
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(3) A sequence { 𝑥𝑛 } in 𝑋 converges to 𝑥 if and only if 𝑀(𝑥, 𝑥, 𝑥𝑛, 𝑡)  →  1 𝑎𝑠 𝑛 →  ∞, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 > 0 

Definition 2.5: Let 𝐴 and 𝑆 be mappings from a 𝑀-fuzzy metric space (𝑋, 𝑀,∗) into itself Then the mappings 

are said to be weak compatible if they commute at their coincidence point, that is, 𝐴𝑥 =  𝑆𝑥 implies 

that 𝐴𝑆𝑥 =  𝑆𝐴𝑥. 

Definition 2.6: Let 𝐴 and 𝑆 be mappings from a 𝑀-fuzzy metric space (𝑋, 𝑀,∗) into itself. Then the mappings 

are said to be compatible if 

lim
𝑛→∞

 𝑀(𝐴𝑆𝑥𝑛, 𝑆𝐴𝑥𝑛, 𝑆𝐴𝑥𝑛, 𝑡)  =  1, ∀ 𝑡 >  0 

whenever { 𝑥𝑛 } is a sequence in 𝑋 𝑎𝑛𝑑 𝑥 ∈  𝑋 such that lim
𝑛→∞

𝐴𝑥𝑛 = lim
𝑛→∞

𝑆𝑥𝑛= 𝑥 

Lemma 2.7: Let (𝑋, 𝑀,∗) be a 𝑀 −fuzzy metric space. Then 𝑀(𝑥, 𝑦, 𝑧, 𝑡) is non-decreasing with respect 

to 𝑡, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 𝑖𝑛 𝑋 

Lemma 2.8: Let (𝑋, 𝑀,∗) be a 𝑀-fuzzy metric space and for all 𝑥, 𝑦  𝑋, 𝑡 >  0 and if for a 

number 𝑘  (0, 1) 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑀(𝑥, 𝑦, 𝑘𝑡)  ≥  𝑀(𝑥, 𝑦, 𝑡) 𝑡ℎ𝑒𝑛 𝑥 =  𝑦. 
Definition 2.9: Let (𝑋, 𝑑) be a compatible metric space, 𝑐 ∈  [0, 1) , 𝑓 ∶  𝑋 →  𝑋 a mapping such that for 

each 𝑥, 𝑦 ∈  𝑋 

∫ (t)dt
𝑑 (𝑓𝑥,   𝑓𝑦)

0

 ≤  ∫ (t)dt
𝑑 (𝑥,   𝑦)

0

 

where  ∶  𝑅+  →  𝑅+ is a Lebesgue integrable mapping which is summable, nonnegative, and such that, for 

each 𝜀 >  0, ∫ (t)dt
𝜀

0
 > 0,then f has a unique common fixed z ∈ X such that for each 𝑥 ∈

 𝑋, log𝑛→∞ 𝑓𝑛𝑥 =  𝑧. 

Definition 2.10: An element 𝑥 ∈  𝑋 is called a coincidence point of the mapping 𝑓: 𝑋 →  𝑋 𝑎𝑛𝑑 𝑔 ∶  𝑋 →
 𝑋 𝑖𝑓 𝑓 (𝑥)  =  𝑔(𝑥) 𝑎𝑛𝑑 𝑓 (𝑦)  =  𝑔(𝑦) 

Definition 2.11: Let A and B be a mappings from a 𝑀- fuzzy metric space  (𝑋, 𝑀,∗) into itself, then the 

mapping are said to be weak compatible if they commute at their coincidence point that is 𝐴𝑥 =  𝑆𝑥 , implies 

that 𝐴𝑆𝑥 =  𝑆𝐴𝑥. 

Definition 2.12: Let A and B be a mapping from a 𝑀- fuzzy metric space  (𝑋, 𝑀,∗) into itself, then the 

mapping is said to be compatible if 

log𝑛→∞ 𝑀(𝐴𝑆𝑥𝑛, 𝑆𝐴𝑥𝑛, 𝑆𝐴𝑥𝑛, 𝑡) = 1,  ∀ t >  0  
whenever { 𝑥𝑛 } is a sequence in 𝑋 𝑎𝑛𝑑 𝑥 ∈  𝑋 such that lim

𝑛→∞
𝐴𝑥𝑛 = lim

𝑛→∞
𝑆𝑥𝑛= 𝑥. 

Example 2.13: Let 𝑋 =  𝑅  (set of real number) define two functions: 𝑓(𝑥) = 2𝑥, 𝑔(𝑥) = 𝑥 

We want to find points 𝑥 ∈ 𝑅𝑤ℎ𝑒𝑟𝑒𝑓(𝑥) = 𝑔(𝑥); 
2𝑥 = 𝑥 ⇒  𝑥 = 0, so, the only coincidence is = 0 

Now, 𝑓(𝑔(𝑥)) =  𝑔(𝑓(𝑥)) 𝑎𝑡 𝑥 = 0 , so 𝑓 𝑎𝑛𝑑 𝑔 commute at their coincidence point, functions 𝑓 𝑎𝑛𝑑 𝑔 are 

weakly compatible because they commute at their only coincidence point x=0. 

Example 2.14:  Let 𝑋 =  𝑅 and 𝑀(𝑥, 𝑦, 𝑧, 𝑡)  =
𝑡

𝑡 +|𝑥−𝑦|+ |𝑦−𝑧|+ |𝑧−𝑥|
 

For every x, y, z ∈ X and t > 0. Clearly that (𝑋, 𝑀 ,∗) is 𝑀- fuzzy metric space, Let A and B 

Defined by 𝐴𝑥 =  
√1−(2𝑥−1)2

2
 and 𝐵𝑥 =  (1 − 𝑥)  

Here A and B has two coincidence points 𝑥 = 1, 𝑥 =  1/ 2, since 𝐴1 =  𝐵1 =  0 for 𝑥 = 1 𝑎𝑙𝑠𝑜 𝑓𝑜𝑟 𝑥 =
1/2 we have 𝐴½ =  𝐵½ =  ½ and a common fixed- point 𝑥 =  1/ 2. So, 𝐴 𝑎𝑛𝑑 𝐵 are owc maps, since they 

commute at one of their coincidence points 𝑥 =  ½. 

Definition 2.15: Let 𝐴 and 𝐵 be two self- mappings of a 𝑀 fuzzy metric space (𝑋, 𝑀,∗), we say that A and B 

satisfy the property (E), if there exists a sequence {𝑥𝑛} such that  

lim𝑛→∞ 𝑀(𝐴𝑥𝑛, 𝑢, 𝑢, 𝑡) = lim𝑛→∞ 𝑀(𝐵𝑥𝑛, 𝑢, 𝑢, 𝑡) = 1, for some 𝑢 ∈  𝑋 𝑎𝑛𝑑 𝑡 > 0. 

Example 2.16: Let 𝑋 =  𝑅 and 𝑀(𝑥, 𝑦, 𝑧, 𝑡)  =
𝑡

𝑡 +|𝑥−𝑦|+ |𝑦−𝑧|+ |𝑧−𝑥|
 

For every x, y, z ∈ X and t > 0, Let 𝐴 and 𝐵 defined 𝐴𝑥 =  2𝑥 + 1, 𝐵𝑥 =  𝑥 + 2. 

Consider the sequence 𝑥𝑛 =  
1

𝑛
+ 1, 𝑛 = 1,2,3 … … … . 𝑡ℎ𝑢𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 

lim𝑛→∞ 𝑀(𝐴𝑥𝑛,3 , 3, 𝑡) = lim𝑛→∞ 𝑀(𝐵𝑥𝑛, 3, 3, 𝑡) = 1, for every 𝑡 > 0. Then 𝐴 𝑎𝑛𝑑 𝐵 satisfying in the 

property (E). 
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3.MAIN RESULT: 

Theorem 3.1: Let 𝐴, 𝐵, 𝑆 𝑎𝑛𝑑 𝑇 be a self-mapping on a fuzzy metric space (𝑋, 𝑀,∗),satisfying the following 

conditions:  

(i) The pair (𝐴, 𝑆) 𝑎𝑛𝑑 (𝐵, 𝑇) are weakly compatible and (𝐴, 𝑆) 𝑜𝑟 (𝐵, 𝑇) satisfy the property (E), 

 

(ii) 𝐴(𝑋) ⊆ 𝑇(𝑋), 𝐵(𝑋) ⊆ 𝑆(𝑋) and 𝑇(𝑋) 𝑜𝑟 𝑆(𝑋) is a complete fuzzy metric subspace of X. If there 

exist 0 < 𝑞 < 1/2 𝑎𝑛𝑑 𝑡 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

     ∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝐵𝑦,𝐵𝑧,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   (3.1𝑎)

𝑚𝑖𝑛(
𝑀(𝑆𝑥,𝑇𝑦,𝑇𝑧,𝑡),𝑀(𝑇𝑦,𝐵𝑦,𝐵𝑧,𝑡),𝑀(𝑇𝑦,𝑇𝑦,𝑇𝑧,𝑡),

 𝑀(𝑆𝑥,𝐵𝑦,𝐵𝑧,𝛼𝑡),𝑀(𝑇𝑧,𝐵𝑧,𝐵𝑧,(2−𝛼)𝑡
)

0
   

For all 0 < 𝛼 < 2 𝑎𝑛𝑑 𝑥, 𝑦 𝜖 𝑋 then 𝐴, 𝐵, 𝑆, 𝑇 have a unique common fixed-point in 𝑋. 
Proof: Let (𝐵, 𝑇) satisfy the property (E) , then there exist a sequence {𝑥𝑛} such that  

lim𝑛→∞ 𝑀(𝐵𝑥𝑛, 𝑢, 𝑢, 𝑡) = lim𝑛→∞ 𝑀(𝑇𝑥𝑛, 𝑢, 𝑢, 𝑡) = 1 

For some 𝑢 ∈  𝑋 𝑎𝑛𝑑 𝑡 > 0. Since 𝐵𝑋 ⊆  𝑆𝑋, then there exists a sequence 𝑦𝑛 such that, 𝐵𝑥𝑛 =  𝑆𝑦𝑛 hence 

lim𝑛→∞ 𝑀(𝐵𝑥𝑛, 𝑢, 𝑢, 𝑡) = 1. 
We prove that lim𝑛→∞ 𝑀(𝐴𝑦𝑛, 𝑢, 𝑢, 𝑡) = 1. 
With the help of inequality (3.1a) we have 

 ∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑦𝑛,𝐵𝑥𝑛,𝐵𝑥𝑛+1,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   

𝑚𝑖𝑛(
𝑀(𝑆𝑦𝑛,𝑇𝑥𝑛,𝑇𝑥𝑛+1,𝑡),   𝑀(𝑇𝑥𝑛,𝐵𝑥𝑛,𝐵𝑥𝑛+1,𝑡),   𝑀(𝑇𝑥𝑛,𝑇𝑥𝑛,𝑇𝑥𝑛+1,𝑡),

 𝑀(𝑆𝑦𝑛,𝐵𝑥𝑛,𝐵𝑥𝑛+1,𝛼𝑡),   𝑀(𝑇𝑥𝑛+1,𝐵𝑥𝑛+1,𝐵𝑥𝑛+1,(2−𝛼)𝑡
)

0
   

On taking limit  𝑛 → ∞ we have, 

        ∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑦𝑛,𝑢,𝑢,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   

𝑚𝑖𝑛(
𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),

 𝑀(𝑢,𝑢,𝑢,𝛼𝑡),   𝑀(𝑢,𝑢,𝑢,(2−𝛼)𝑡
)

0
   

taking 𝛼 =  1 − 𝛽 where 𝛽 ∈  (0,1) then we have, 

                                                    =  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),
 𝑀(𝑢,𝑢,𝑢,(1−𝛽)𝑡),   𝑀(𝑢,𝑢,𝑢,(1+𝛽)𝑡

)

0
 

On taking limit  𝛽 → ∞ , 

                                                      = ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),
 𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡)

)

0
 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑦𝑛,𝑢,𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),
 𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡

)

0

 

Since 𝑚𝑖𝑛 {𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡)} =  𝑀(𝑢, 𝑢, 𝑢, 𝑡) therefore, 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑦𝑛,𝑢,𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
(𝑀(𝑢,𝑢,𝑢,𝑡)

0

 

Since 𝑀(𝑢, 𝑢, 𝑢, 𝑡) =  1 

Therefore  lim𝑛→∞ 𝑀(𝐴𝑦𝑛, 𝑢, 𝑢, 𝑡) = 1. 
Hence lim

𝑛→∞
𝐴𝑦𝑛 =  lim

𝑛→∞
𝑆𝑦𝑛 =  lim

𝑛→∞
𝐵𝑦𝑛 =  lim

𝑛→∞
𝑇𝑦𝑛 =  𝑢 . 

Let 𝑆(𝑋) be complete 𝑀 −fuzzy metric space, then there exists an element 𝑥 ∈ 𝑋  such that 𝑆𝑥 = 𝑢. if 𝐴𝑥 ≠
𝑢,then we have, by inequality (3.1a) 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝐵𝑥𝑛,𝐵𝑥𝑛+1,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑆𝑥,𝑇𝑥𝑛,𝑇𝑥𝑛+1,𝑡),𝑀(𝑇𝑥𝑛,𝐵𝑥𝑛,𝐵𝑥𝑛+1,𝑡),𝑀(𝑇𝑥𝑛,𝑇𝑥𝑛,𝑇𝑥𝑛+1,𝑡),
 𝑀(𝑆𝑥,𝐵𝑥𝑛,𝐵𝑥𝑛+1,𝛼𝑡),𝑀(𝑇𝑥𝑛+1,𝐵𝑥𝑛+1,𝐵𝑥𝑛+1,(2−𝛼)𝑡

)

0

 

On taking limit 𝑛 → ∞, and put 𝛼 = 1 − 𝛽 𝑤ℎ𝑒𝑟𝑒 𝛽 ∈ (0,1)  

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝑢,𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),
 𝑀(𝑢,𝑢,𝑢,(1−𝛽)𝑡),   𝑀(𝑢,𝑢,𝑢,(1+𝛽)𝑡

)

0

 

now taking limit 𝛽 → ∞, we obtain 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝑢,𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡),
 𝑀(𝑢,𝑢,𝑢,𝑡),   𝑀(𝑢,𝑢,𝑢,𝑡)

)

0

 

Since 𝑚𝑖𝑛 {𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡), 𝑀(𝑢, 𝑢, 𝑢, 𝑡)} =  𝑀(𝑢, 𝑢, 𝑢, 𝑡) therefore, 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝑢,𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
(𝑀(𝑢,𝑢,𝑢,𝑡)

0

 

Since 𝑀(𝑢, 𝑢, 𝑢, 𝑡) =  1 
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Therefore  lim𝑛→∞ 𝑀(𝐴𝑥, 𝑢, 𝑢, 𝑡) = 1., hence 𝐴𝑥 = 𝑢 = 𝑆𝑥 , since (𝐴, 𝑆) be a weakly compatible which 

implies𝐴𝑆𝑥 = 𝑆𝐴𝑥, that means 𝐴𝐴𝑥 = 𝐴𝑆𝑥 = 𝑆𝐴𝑥 = 𝑆𝑆𝑥. 
As 𝐴𝑋 ⊆ 𝑇𝑋, then there exists 𝑤 ∈  𝑋 such that 𝐴𝑥 = 𝑇𝑤, now e proves that 𝑇𝑤 = 𝐵𝑤. If 𝑇𝑤 ≠ 𝐵𝑤 then by 

inequality (3.1a) 

  ∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝐵𝑤,𝐵𝑤,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   

𝑚𝑖𝑛(
𝑀(𝑆𝑥,𝑇𝑤,𝑇𝑤,𝑡),𝑀(𝑇𝑤,𝐵𝑤,𝐵𝑤,𝑡),𝑀(𝑇𝑤,𝑇𝑤,𝑇𝑤,𝑡),

 𝑀(𝑆𝑥,𝐵𝑤,𝐵𝑤,𝛼𝑡),𝑀(𝑇𝑤,𝐵𝑤,𝐵𝑤,(2−𝛼)𝑡
)

0
   

Put  𝛼 = 1 − 𝛽 𝑤ℎ𝑒𝑟𝑒 𝛽 ∈ (0,1) and taking limit  𝛽 → ∞ 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝐵𝑤,𝐵𝑤,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   

𝑚𝑖𝑛(
𝑀(𝑆𝑥,𝑇𝑤,𝑇𝑤,𝑡),𝑀(𝑇𝑤,𝐵𝑤,𝐵𝑤,𝑡),𝑀(𝑇𝑤,𝑇𝑤,𝑇𝑤,𝑡),

 𝑀(𝑆𝑥,𝐵𝑤,𝐵𝑤,𝑡),𝑀(𝑇𝑤,𝐵𝑤,𝐵𝑤,𝑡)
)

0
   

If 𝐵𝑤 ≠ 𝑢 then we have, 

 ∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑥,𝐵𝑤,𝐵𝑤,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(𝑀(𝐴𝑥,𝐵𝑤,𝐵𝑤,𝑡))

0

 

Here contradiction implies that 𝑇𝑤 = 𝐵𝑤 = 𝑢, As the pair  (𝐵, 𝑇) is weakly compatible, we get 

𝑇𝑇𝑤 = 𝑇𝐵𝑤 = 𝐵𝑇𝑤 = 𝐵𝐵𝑤, 𝑠𝑜 𝑇𝑢 = 𝐵𝑢 

Now we prove 𝐴𝑢 = 𝑢, for 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑢,𝑢,𝑢,𝑞𝑡)

0
= ∫ 𝜓(𝑡)𝑑𝑡

𝑀(𝐴𝑢,𝐵𝑤,𝐵𝑤,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   

𝑚𝑖𝑛(
𝑀(𝑆𝑢,𝑇𝑤,𝑇𝑤,𝑡),𝑀(𝑇𝑤,𝐵𝑤,𝐵𝑤,𝑡),𝑀(𝑇𝑤,𝑇𝑤,𝑇𝑤,𝑡),

 𝑀(𝑆𝑢,𝐵𝑤,𝐵𝑤,𝛼𝑡),𝑀(𝑇𝑤,𝐵𝑤,𝐵𝑤,(2−𝛼)𝑡
)

0
   

  ⇒∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑢,𝑢,𝑢,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   

𝑚𝑖𝑛(
𝑀(𝑆𝑢,𝑢,𝑢,𝑡),𝑀(𝑢,𝑢,𝑢,𝑡),𝑀(𝑢,𝑢,𝑢,𝑡),

 𝑀(𝑆𝑢,𝑢,𝑢,𝛼𝑡),𝑀(𝑢,𝑢,𝑢,(2−𝛼)𝑡
)

0
 

on taking 𝛼 = 1 − 𝛽 𝑤ℎ𝑒𝑟𝑒 𝛽 ∈ (0,1) and taking limit  𝛽 → ∞, 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑢,𝑢,𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(𝑀(𝐴𝑢,𝑢,𝑢,𝑡)

0

 

Is a contradiction thus 𝐴𝑢 = 𝑆𝑢 = 𝑢. 
Similarly ,we can prove  𝑇𝑢 = 𝐵𝑢 = 𝑢. or we can write 𝐴𝑢 = 𝑆𝑢 =  𝑇𝑢 = 𝐵𝑢 = 𝑢. Thus 𝐴, 𝐵, 𝑆, 𝑇 have a 

common fixed -point 𝑢. 
Uniqueness: Let 𝑣 be another common fixed-point of 𝐴, 𝐵 𝑆 𝑎𝑛𝑑 𝑇. then by inequality (3.1a) 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝑣,𝑢,𝑢,𝑞𝑡)

0

= ∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝐴𝑢,𝐵𝑢,𝐵𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑆𝑣,𝑇𝑢,𝑇𝑢,𝑡),𝑀(𝑇𝑢,𝐵𝑢,𝐵𝑢,𝑡),𝑀(𝑇𝑢,𝑇𝑢,𝑇𝑢,𝑡),
 𝑀(𝑆𝑣,𝐵𝑢,𝐵𝑢,𝛼𝑡),𝑀(𝑇𝑢,𝐵𝑢,𝐵𝑢,(2−𝛼)𝑡)

)

0

 

on taking 𝛼 = 1 − 𝛽 𝑤ℎ𝑒𝑟𝑒 𝛽 ∈ (0,1) and taking limit  𝛽 → ∞, 

∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝑣,𝑢,𝑢,𝑞𝑡)

0

≥  ∫ 𝜓(𝑡)𝑑𝑡   
𝑚𝑖𝑛(

𝑀(𝑆𝑣,𝑇𝑢,𝑇𝑢,𝑡),𝑀(𝑇𝑢,𝐵𝑢,𝐵𝑢,𝑡),𝑀(𝑇𝑢,𝑇𝑢,𝑇𝑢,𝑡),
 𝑀(𝑆𝑣,𝐵𝑢,𝐵𝑢,𝑡),𝑀(𝑇𝑢,𝐵𝑢,𝐵𝑢,𝑡)

)

0

 

 

               ⇒                         ∫ 𝜓(𝑡)𝑑𝑡
𝑀(𝑣,𝑢,𝑢,𝑞𝑡)

0
≥  ∫ 𝜓(𝑡)𝑑𝑡   

𝑚𝑖𝑛(𝑀(𝑣,𝑢,𝑢,𝑡)

0
 

Is a contradiction, thus 𝑢 = 𝑣. 
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