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Abstract:
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1.INTRODUCTION:

The fuzzy set notion was first introduced by Zadeh [20] in 1965. Kramosil and Michalek [8] then created the
fuzzy metric space concept, which George and Veermani [4] further refined. Numerous researchers have
applied distinct mathematical results in diverse ways to fuzzy metric space [1, 2, 3]. Sessa [17] introduced the
idea of a weak commuting property, which enhanced the commutative condition in the fixed-point theorem.
Jungck first proposed the idea of compatible mappings for self-maps in 1986.

Sedghi and Shobe [16] proposed m-fuzzy metricspace in 2006 and established the common fixed- point
theorem for weakly compatible mappings, which is a generalization of fuzzy metric spaces.

2.PRELIMINARIES:

Definition 2.1: A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t — norm if satisfying condition:
@ * is commutative and associative;

(b) Is continuous;

(© a*l=aforallac]O, 1];

(d) a*b<c*dwhenevera<candb<danda,b,candde[0, 1]

Definition 2.2: A 3-tuple (X, M,*) is called a M- fuzzy metric space if X is an arbitrary (non-empty) set, * is
a continuous t- norm, and M is fuzzy sets on X3 x (0, ), satisfying the following conditions: for each
x,y,z,aeXandt,s >0

M(x,y,z,t) > 0;

Q) M(x,y,zt) = lifandonlyifx = y= z;

B)M(x,y,zt) = M (p{x,y,z},t), (symmetry) where p is a permutation function;

(4) M(x,y,a,t) * M(a,z,z,5) < M(Xy,zt + s);

Remark 2.3: Let(X, M,*) be a M-fuzzy metric space. Then forevery t > 0 and forevery x,y € X, we have
M(x,x,y,t) = M(x,y,y,t) Because for each &£ > 0 by triangular inequality we have

Q) M(x,x,y,e +t) = M(x,x,x,¢8) * M(x,y,y,t) = M(x,y,y,t)

(i) My, y,x,e + t) = M(y,y,y,& » M(y,x,x,t) = M(y,x,x,t).

By taking limits of (i) and (ii) when ¢ — 0, we obtain M(x,x,y,t) = M(x,y,y,t).

Definition 2.4: Let (X, M,*) be a M —fuzzy metric space. Fort > 0, the

1) openball BM (x,r,t) withcenter x € X and radius 0 < r < 1isdefinedby BM(x,r,t) = {y €
X: M(x,y,y,t) > 1 —r}

(2 A subset A of X is called open set if for eachx € A thereexistt > 0and 0 < r < 1 such that
BM(x,r,t) € A.
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3) A sequence { x,, } in X converges to x if and only if M(x, x, x,,,t) = lasn — oo, foreacht >0
Definition 2.5: Let A and S be mappings from a M-fuzzy metric space (X, M,x) into itself Then the mappings
are said to be weak compatible if they commute at their coincidence point, that is, Ax = Sx implies
that ASx = SAx.
Definition 2.6: Let A and S be mappings from a M-fuzzy metric space (X, M,*) into itself. Then the mappings
are said to be compatible if

lim M(ASx,, SAx,, SAx,,t) = 1,vt > 0

n—-oo

whenever { x,, } is asequence in X and x € X such that lim Ax, = lim Sx,=x
n—-oo

n—-oo

Lemma 2.7: Let (X, M,x) be a M —fuzzy metric space. Then M(x,y,z,t) is non-decreasing with respect
tot,forallx,y,zin X

Lemma 2.8: Let (X,M,x) be a M-fuzzy metric space and for allx,y eX,t > 0 and if for a
number k € (0,1) such that M(x,y, kt) = M(x,y,t) thenx = y.

Definition 2.9: Let (X,d) be a compatible metric space,c € [0,1) ,f: X — X a mapping such that for

eachx,y € X
afx, fy) ax y)
j y(t)dt < j y(t)dt
0 0

where : Rt — R* is a Lebesgue integrable mapping which is summable, nonnegative, and such that, for
each ¢ > 0, fosw(t)dt > 0,then f has a unique common fixed z € X such that for each x €
X, 1080 f*x = z.

Definition 2.10: An element x € X is called a coincidence point of the mapping f: X - Xandg: X -
Xiff(x) = gx)and f (y) = g(y)

Definition 2.11: Let A and B be a mappings from a M- fuzzy metric space (X, M,x) into itself, then the
mapping are said to be weak compatible if they commute at their coincidence point that is Ax = Sx , implies
that ASx = SAx.

Definition 2.12: Let A and B be a mapping from a M- fuzzy metric space (X, M,x) into itself, then the
mapping is said to be compatible if

log, 0o M(ASxy, SAx,, SAx,, t) =1, Vt > 0

whenever { x,, } is a sequence in X and x € X such that lim Ax, = g?o Sxp= x.

n—-oo

Example 2.13: Let X = R (set of real number) define two functions: f(x) = 2x,g(x) = x

We want to find points x € Rwheref (x) = g(x);

2x = x = x = 0,50, the only coincidence is = 0

Now, f(g(x)) = g(f(x)) atx = 0,s0 f and g commute at their coincidence point, functions f and g are
weakly compatible because they commute at their only coincidence point x=0.

Example 2.14: LetX = Rand M(x,y,z,t) = :

t+lx—yl+ ly-zl+ |z—x|

Forevery x,y,z € Xand t> 0. Clearly that (X, M ,*) is M- fuzzy metric space, Let A and B

Defined by Ax = Y= and Bx = (1-x)

Here A and B has two coincidence points x =1,x = 1/2,sinceA1 = B1 = 0forx = 1also for x =
1/2 we have A%, = B% = % andacommon fixed- pointx = 1/ 2. So, A and B are owc maps, since they
commute at one of their coincidence points x = %.

Definition 2.15: Let A and B be two self- mappings of a M fuzzy metric space (X, M,*), we say that A and B
satisfy the property (E), if there exists a sequence {x,} such that

lim,,, o, M(Ax,, u,u,t) = lim,_,, M(Bx,, u,u,t) =1,forsomeu € Xandt > 0.

Example 2.16: Let X = Rand M(x,y,z,t) = :

t+x-yl+ ly-z|+ |z—x|

Foreveryx,y,z€ Xandt>0, Let A and B defined Ax = 2x + 1,Bx = x + 2.

Consider the sequence x,, = %+ 1,n=1273..........thus we have

lim,,_,, M(Ax,,3 ,3,t) =lim, ., M(Bx,, 3,3,t) =1, for every t > 0. Then A and B satisfying in the
property (E).

IJIRMPS2503232589 Website: www.ijirmps.org Email: editor@ijirmps.org 2



https://www.ijirmps.org/

Volume 13 Issue 3 @ May - June 2025 IJIRMPS | ISSN: 2349-7300

3.MAIN RESULT:

Theorem 3.1: Let A, B, S and T be a self-mapping on a fuzzy metric space (X, M,*),satisfying the following
conditions:

Q) The pair (4,5) and (B, T) are weakly compatible and (4, S) or (B, T) satisfy the property (E),

(i) AX) STX),BX)<SX) and T(X) or S(X) is a complete fuzzy metric subspace of X. If there
exist0 < g < 1/2 and t > 0 such that

. (M(Sx,TyTzt),M(TyBy,Bzt)M(TyTyTzt),
fM(Ax,By.Bz,qt) W(t)dt > fmm( M(Sx,By,Bz,at),M(Tz,Bz,Bz,(2—a)t )
- J0

0 Y(t)dt (3.1a)
Forall 0 < ¢ < 2 and x,y € X then 4, B, S, T have a unique common fixed-point in X.
Proof: Let (B, T) satisfy the property (E) , then there exist a sequence {x,,} such that
lim,_,o M(Bx,, u,u,t) = lim,_o M(Tx,, w,u,t) =1
For some u € X and t > 0. Since BX < SX, then there exists a sequence y,, such that, Bx,, = Sy, hence
lim,_,, M(Bx,, u,u,t) = 1.
We prove that lim,,_,., M (Ayy,, u,u,t) = 1.
With the help of inequality (3.1a) we have

min (M(Syn,Txn,Txn+1,t), M(Txn,Bxn,Bxn41,t), M(Txn,Txn,Txn+1,t),)
J‘M(AJ"n,an,erwl:qt) lp(t)dt > f M(Syn.Bxn.Bxn+1.at), M(Txn+1,BXn+1.BXn+1,2-a)t
0 - Y0

On taking limit n — oo we have,

Y(t)dt

. (M(uuut), M(uuut), Muuut),
M(Ayn,u,u,qt) mln( M(uuu,at), Muuu,(2-a)t )
> (hadhadl g (hadhed]
h Y()dt = [
takinga = 1 — f where § € (0,1) then we have,

M(uuut), Muuut), M(u,u,u,t),)
Muuu,(1-p)t), M(uuu,(1+p)t

Y(t)dt

min(

= J, P(t)dt

On taking limit § — oo,
Muuut), M(uuut), M(u,u,u,t),)

mm( Muuut), M(uuut)

=

J»M (Aynuu,qt)
0

Y(t)de

min(M(u,u,u,t), M(uuut), M(uuut),
M(uuut), M(uuut

Y()dt = f Y(t)dt
0
Since min {M(u,u,u, t), M(u,u, u, t), M(u,u,u, t), M(u,u,u, t), M(u,u,u, t)} = M(u,u,u,t) therefore,
M(Ay,,uu,qt) (M (u,u,u,t)
f Y(t)dt = f Y(t)dt
0 0
Since M(u,u,u,t) = 1
Therefore lim,_,, M(Ay,, u,u,t) = 1.
Hence lim Ay, = lim Sy, = lim By, = lim Ty, = u
n—oo n—oo n—oo n—oo

Let S(X) be complete M —fuzzy metric space, then there exists an element x € X such that Sx = u. if Ax #
u,then we have, by inequality (3.1a)

min (M(Sx,Txn,Txn+1,t),M(Txn,an,an+ 1M (Txn,Txn,Txn4+1,t),
M(Sx,Bxn,Bxp+1,at),M(Txn4+1,BxXn+1,Bxn+1,(2—a)t

)
Y(t)dt = j Y(t)dt
0
On taking limitn — oo, and put « = 1 — f where 8 € (0,1)

]M(Ax,an,me.l,qt)
0

M(4xuu,qt) min e e Mo s L)
j Y(t)dt = f Y(t)dt
0 0
now taking limit § — oo, we obtain
M(Ax,u,u,qt) min(M (uu;\ldaul\i %ull\t/lauﬂi%uut)
f P(t)dt = f Y(t)dt
0 0
Since min {M(u,u,u,t), M(u,u,u,t), M(u,u,u, t), M(u,u,u,t), M(u,u,u,t)} = M(u,u,u,t) therefore,
M(Ax,uu,qt) M (u,u,u,t)
f Y(t)dt = f Y(t)dt
0 0

Since M(u,u,u,t) = 1
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Therefore lim,,_,,, M(Ax, u,u,t) = 1., hence Ax = u = Sx , since (4,S) be a weakly compatible which
impliesASx = SAx, that means AAx = ASx = SAx = SSx.

As AX c TX, then there exists w € X such that Ax = Tw, now e proves that Tw = Bw. If Tw # Bw then by
inequality (3.1a)

fM (Ax,Bw,Bw,qt)

min
0 IGLI
Put « =1 — B where 8 € (0,1) and taking limit g — oo

min(M(Sx,Tw,Tw,t),M(TW,BW,BW,t),M(TW,TW,TW,t),)
fM(Ax,BW,BW,qt) 1/) ( t) dt > f M(Sx,Bw,Bw,t),M(Tw,Bw,Bw,t)
0 - J0

If Bw # u then we have,

, (M(Sx,TW,TW,t),M(TW,BW,BW,t),M(Tw,Tw,Tw,t),)
M(Sx,Bw,Bw,at),M(Tw,Bw,Bw,(2—a)t

Ww(t)dt

Ww(t)dt

min(M(Ax,Bw,Bw,t))

Y(t)dt = f Y(t)dt
0
Here contradiction implies that Tw = Bw = u, As the pair (B, T) is weakly compatible, we get

TTw =TBw = BTw = BBw,so Tu = Bu

f M(Ax,Bw,Bw,qt)
0

Now we prove Au = u, for
. (M(Su,TW,TW,t),M(TW,BW,BW,t),M(TW,TW,Tw,t),)

fM (Au,u,u,qt) M(Au,Bw,Bw,qt) M(Su,Bw,Bw,at),M(Tw,Bw,Bw,(2—a)t

min
! Y(O)dt = || P(t)dt = [,
. (M(Su,u,u,t),M(u,u,u,t),M(u,u,u,t),)
M(Suuu,at),M(uuu,(2-a)t

Y(t)dt
= fOM(A”'“‘“'qt)tp(t)dt > fom " W(6)de
on taking @« = 1 — 8 where B € (0,1) and taking limit  — oo,
M (Au,u,u,qt) min(M(Aw,u,u,t)
J

Y(t)dt = f Y(t)dt
0
Is a contradiction thus Au = Su = u.

Similarly ,we can prove Tu = Bu = u. or we can write Au = Su = Tu = Bu =u. Thus 4,B,S,T have a
common fixed -point u.
Uniqueness: Let v be another common fixed-point of 4, B S and T then by inequality (3.1a)

M(Sv,Tu,Tu,t),M(Tu,Bu,Bu,t),M (Tu,Tu,Tu,t),)

Mvuuqt) M(Au,Bu,Bu,qt) mi"( M(Sv,Bu,Bu,at),M(TuBwBu(2—a)t)
f Y(t)dt = f Y(t)dt = f Y(t)dt
0

0 0
on taking @ = 1 — B where 8 € (0,1) and taking limit § — oo,
. (M(Sv,Tu,Tu,t),M(Tu,Bu,Bu,t),M(Tu,Tu,Tu,t),)
min M(Sv,Bu,Bu,t),M(Tu,Bu,Bu,t)

M(v,u,u,qt)
j Y(O)dt = j Y(t)dt
0

0

M(v,uu,qt) in(M(v,u,u,t)
5 fo v,uu,q W(t)dt > J-Omm vuu B(t)dt

Is a contradiction, thus u = v.
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