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Abstract:

The aim of this paper is to discuss a new subclass TS(h,a,g,9) of univalent functions with negative
coefficients related to fractional calclus operator in the unit disk U = {z € C: |z| < 1}. We obtain basic
properties like coefficient inequality, distortion and covering theorem, radii of starlikeness, convexity and
close-to-convexity, extreme points, Hadamard product, and closure theorems for functions belonging to our
class.
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1. Introduction
Let A denote the class of all functions u(z) of the form

u(z) =z+Yp,a,2z" (1.2)
in the open unit disc U = {z € C:|z| < 1}. Let S be the subclass of A consisting of univalent functions and
satisfy the following usual normalization condition u(0) = u'(0) — 1 = 0. We denote by S the subclass of
A consisting of functions u(z) which are all univalent in U. A function u € A is a starlike function of the
order m,0 < m < 1, if it satisfies

R{“D) > m,z € U. (1.2)

We denote this class with $*(m).
A function u € A is a convex function of the order m, 0 < m < 1, if it fulfils

R {1 + Zu"(z)} >m,z € U. (1.3)

ur(z)

We denote this class with K(m).
Note that S*(0) = S* and K(0) = K are the usual classes of starlike and convex functions in U respectively.
Let T denotes the class of functions analytic in U that are of the form

u(iz)=z-Yny,a,2"% a,=>0z¢€U (1.4)
and let T*(m) =T nS*(m), C(m) =T NK(m). The class T*(m) and allied classes possess some
interesting properties and have been extensively studied by Silverman [11].
Fractional calculus is used in many investigations lately due to its numerous applications in diverse fields of
research. Recently published thorough review articles ([1], [7]) discuss the history of fractional calculus and
provide references to its many applications in science and engineering.
Since the connection between hypergeometric functions and the theory of univalent functions was
established in 1985 with the proof of Bieberbach’s conjecture [2], the confluent hypergeometric function
was investigated concerning many aspects such as its univalence ([4], [5]) its applications on certain classes
of univalent functions [8] and it was used in defining new operators [9].
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Many basically equivalent definitions of fractional computation have been given in literature ((cf.)e.g.,[10]
and ([12], p. 45) ). We state the following definitions due to Owa and Srivastava [6] which have been used
rather frequently in the theory of analytic functions (see also [3]).

Definition 1.1. The fractional integral of order ¥ is defined, for a function (z) , by

— 1 fQ
D;%u(z) = 7 N T dd, (0>0) (15)
and the fractional derivative of order ¢ is defined, for a function u(z) , by
Diu(z) = ——L (7 L8 40 (0<9 <), (1.6)

h(1-9) dz’0 (z-Q)?
where u(z) is an analytic function in a simply-connected region of the z-plane containing the origin, and the
multiplicity of (z — ¢)°~* involved in (1.5) (and that of (z — {)~? involved in (1.6) is removed by requiring
log(z — ¢) to be real when (z — {) > 0.
Definition 1.2. Under the hypotheses of Definition 1.1, the fractional derivative of order n + ¥ is defined
by
DE*ou(z) = 2oDYu(z), (0<9 <1;ne€Ny=Nu{0). (1.7)

With the aid of the above definitions, Owa and Srivastava [6] defined the fractional operator 72 by

Jou(z) = h(2 —9)2°D2u(z), (9 # 2,3,4,-)

JFu(z) =z + X5, ¢ (9, n)anz" (1.8)

h(n+1)h(2-9)
where ¢(19, Tl) = h (19)

and ¢(9,2) =

(2-9)

Now, by making use of the linear operator J2u, we define a new subclass of functions belonging to the
class A.

Definition 1.3. For0<h<10<0<10<¢<1,and 0 <9 <1, we let TS(h, a,c9) be the subclass
of u consisting of functions of the form (1.4) and its geometrical condition satisfy

ft((g?u(z))'—-45§§52>

o(32u() + (1 -y LD

<g, z€U

where g7, is given by (1.8).

2. Coefficient Inequality

In the following theorem, we obtain a necessary and sufficient condition for function to be in the class
TS(h,o,c,9).

Theorem 2.1. Let the function u be defined by (1.4). Then u € TS(h, g, ,9) if and only if

Yoo[i(n — 1) +¢(no + 1 - W] p(n,9)ay < (o + (1 - h)), (2.1)
where0<¢<1,0<h<10<0<1, and 0 <9 < 1. Theresult (2.1) is sharp for the function
+(1-nh
u(z) =z — (o + ) non>2.

[Mn—1) +g(no + 1— W]pn0)
Proof. Suppose that the inequality (2.1) holds true and |z| = 1. Then we obtain
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h <(5];9u(z)) - ng(z)>

—h ) (n—1)p(n,9a,z"?

qu(z))‘

o <(7;9u(2))' +(1-n)

-

o+ (1—h)— Z(na 41— h) p(n9)az"?

< Z[h(n -1 +g¢noc+1-n)]¢pna, — g(o +(1-— h))
n=2

<0.
Hence, by maximum modulus principle,u € TS(h, o, ,19). Now assume that u € TS(h, g, g, 9) so that

h ((J?H(Z)) - Zu2) Z(Z)>

a(Jfu(@) + 1 - h)%

<g, z€U

Hence

<G

J?u(z)>|

Z

h <(J§9u(z)) - J§2(2)>

o <Jé9u(2))' +1-h)

Therefore, we get

- Z h(n — 1 (n, 9)a,z"

<g

o+ (1—h)— Z(na +1—h)dn,9)a,z".

Thus

o)

Z[h(n D+ 5o+ 1 -] d(9ay < (o + (1 — k)
n=2
and this completes the proof.
Corollary 2.1. Let the function u € TS(h, g,¢,9).Then
g(a+(1—h)) S >
[A(n —1) + (o + 1 - W)]p(n,9) =~

ap <

3. Distortion and Covering Theorem
We introduce the growth and distortion theorems for the functions in the class TS(h, o, ,9)
Theorem 3.1. Let the function u € TS(h, 0,6,19). Then

g(a +(1- h)) 5
2l = S DR+ o+ 1wy A =@
PYPPUE (Gl Cll.) B

¢(2,9)[h+¢(20+1—-1n)]
The result is sharp and attained

s(c+(1—-h) 2
¢(2,9)[h+c2o+1—h)]

u(z) =z —

IJIRMPS2605233213 Website: www.ijirmps.org Email: editor@ijirmps.org


https://www.ijirmps.org/

Volume 14 Issue 5 @ Sep - Oct 2026 IJIRMPS | ISSN: 2349-7300

Proof.

oo

zZ— E a, z"
n

o]
<lzl+ ) anlal”
(o]

S|Z|+|Z|22an.

n=2

lu(z)| =

By Theorem 2.1, we get
¢(o+(1-h))

Z’olo=2 an = [A+c(2o+1-R)]p(n,9) (3.1)
Thus
+(1—-nh
I PR Gk € el ) Y
¢(2,9)[h+co+1—-h)]
Also

oo

@] = 121 = ) ay l2I"

n=2
> |zl = |21 ) ay
n=2
s(c+1-h)

> |z| — |z]?.

¢(2,9)[h+c2o+1—-h)]
Theorem 3.2. Letu € TS(h,0,¢,9). Then

ZQ(G +(1- h))
2,0+ +1—-h)]
with equality for

Zg(a + (- h))

1 ¢(2,9)[h+c(2c+1—h)]

lz| < W'(2)| <1+

|z

2g(a + (- h)) 5
P2 Nh+c2o+1-w)] "

u(z) =z —

Proof. Notice that
d2,N[h+co+1-n)]X;,nay
< Yn=2n[i(n—1) + ¢(no + 1 - A)]p(n,9)a, (3.2)

<g¢(c+(1-"n),

from Theorem 2.1. Thus
W(2)| = 1- 35, na,z"
<1+ 21010=2 n anlzln_l
<1+ |z|Yo-;na, (3.3)

2¢(c+(1-h))
29 [h+g(2o+1-h)]"

<1
< +|Z|¢

On the other hand

[W'(2)| =11-Xr,nayz"!|

=>1- Z%ozz n anlzln_1
>1—|z|Yoyna, (3.4)
2¢(c+(1-h))

¢ (29[h+s2o+1-h)]
Combining (3.3) and (3.4), we get the result.
4. Radii of Starlikeness, Convexity and Close-to-Convexity
In the following theorems, we obtain the radii of starlikeness, convexity and close-to-convexity for the class
TS(h,o,c,9).

>1—|z|
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Theorem 4.1. Letu € TS(h,0,69). Then u is starlike in |z| < R, of order §, 0 < § < 1, where
1

_ (1—5)(h(n—1)+g(na+1—h))¢(n,19)}ﬁ >
R, = 12f{ n=8)so+ (1) , =2, 4.1)
Proof. u is starlike of order 6,0 < 6 < 1 if
zu'(2)
> 6.
ER{ ey }
Thus it is enough to show that
z2u'(z) | |-Zeee(n = Dayz™! - Ye2(n — 1) ay|z|*?
u(z) 1-Y% ,a,z"1 1-3% a, |zt
Thus
1(z) P ) _

- 1|<1-sif Stz < 1 (4.2)

Hence by Theorem 2.1, (4.2) will be true if
n—=o 2t < (h(n -1 +c¢noc+1- h))qb(n,ﬁ)
1-6 o+ (1—-h)
or if
1
(1—5)(h(n—1)+g(na+1—h))¢(n,19)]ﬁ
< > 2. :
2] < [ (n-8)¢(o+(1-h)) n =2 (4 3)

The Theorem 4.1 follows easily from (4.3).
Theorem 4.2. Letu € TS(h,0,¢,9). Then u is convex in |z| < R, of order §,0 < 6§ < 1, where

1

1-8)(h(n—-1)+g(no+1-h n,9)|n-1
Ry = in{AD0EDIOE OGN o (4.4
Proof. u is convex of order §,0 < § < 1if
sn{1 + 2 (Z)} > 6.
u'(z)
Thus it is enough to show that
2u"(2)|  |=Xnn(n—1apz" | Yion(m— Daglz|"™!
u'(2) 1o Yoo ,nayztt | T 1=3Y% onaylz|vt
Thus
Z;‘—(S) <1-6if 2,?22"((1”_‘;) a2l < 1. (4.5)
Hence by Theorem 2.1, (4.5) will be true if
nn—6) . (h(n -1 +c¢noc+1- h))d)(n,ﬁ)
=5 "= 5@+ (1—h)
or if
1
1-8)(h(n—-1)+g(no+1-n n9)|n-1
Iz < [( X Ti(n_;);((ﬁ (1_h);)"’( )] n>2. (4.6)

The theorem follows easily from (4.6).
Theorem 4.3. Letu € TS(h,0,¢,9). Then u is close-to-convex in |z| < R; of order §, 0 < & < 1, where

1
. [(@=-®(r(n-D)+¢(no+1-1))p(m9) |n-1
R; = 12f{ (ot (1) } , n=2. 4.7)
Proof. u is close-to-convex of order 6,0 < 6 < 1 if
R{u'(2)} > 6.

Thus it is enough to show that
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(o]
— Z na,z" !

=2

o)

< 2 na,|z|" 1.

n=2

lu'(2) - 1| =

Thus
lu'(z) —1| <1-6if Z;’f’=2(17_l—8)anlzln_1 <1. (4.8)
Hence by Theorem 2.1, (4.8) will be true if

- (A(n—1) +¢(no +1 - h)p(n,9)

lzI"™ < (o +(1=h)

1-6
orif

1
(1-8)(h(n-1)+s(no+1-r))p(n,9) |n-1
ng(o+(1-h)) !

2] < [ n>2. (4.9)

The theorem follows easily from (4.9).

5. Extreme Points
In the following theorem, we obtain extreme points for the class TS(h, g, ¢, 9).
Theorem 5.1. Letu,(z) = z and

s(c+(1-h)
[A(n—1) +c¢(no+1—h)]p(n,9)
Thenu € TS(h,0,¢,9) if and only if it can be expressed in the form

u,(z) =z — z" for n =23,

u(z) = Z 6, u,(z), where 6,, = 0 and z 0, = 1.
n=1 n=1

Proof. Assume that u(z) = >.,_; 6, u,(z), hence we get

(0]

_ g(O' + (1 - h))en n
u@) =2 ) BT st T 1= R

n=2

Now, u € TS(h,o,¢,19), since

i [A(n— 1) + ¢(no + 1 — )] p(n, 9)
s(c+(1-h)

o g(a +(1- h))@n
[A(n —1) + ¢(no + 1 — h)]p(n,9)

=29n=1—91S1-

n=2
Conversely, suppose u € TS(h, g, ¢,9). Then we show that u can be written in the form Y.;°_, 8,, u,,(2).
Now u € TS(h, g,c,9) implies from Theorem 2.1
g(a +(1- h))
[A(n — 1) + ¢(no + 1 — W) ]p(n, 9)

ap,n =23,

n=2

ap <

h(n—-1)+g(no+1-h)]p(n,9)
s(o+(1-n))
and 8, =1 -, 0, we obtain u(z) = Y, 0, uy(2).

Setting 6,, = [

6. Hadamard product
In the following theorem, we obtain the convolution result for functions belongs to the class TS(h, g,¢,19).
Theorem 6.1. Letu,g € TS(h,0,¢,9). Thenu g € TS(h,a,{,09) for
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o] [o0] [00]

u(z) = Z_Z a,z" g(z) = Z—anzn and (u* g)(z) = Z—Zanbnz",

where

G (a +(1- h))h(n -1)
¢z [A(n—1) +¢(nc +1—-n)]?¢p(n,9) — ¢? (a+(1—h))(na+1—h)
Proof. u € TS(h, 0, 6,9) and so

[A(n—-1)+g(no+1-h)]p(n,9)

Yy o+ GR) a, <1, (6.1)
and
o [hn—1)+g(no+1-n)]¢p(n,9)
Yy (ot (R b, < 1. (6.2)
We have to find the smallest number ¢ such that
o [An-1+{(no+1-m)]pn,9)
211:2 ((0'+(1—h)) anbn <1 (63)
By Cauchy-Schwarz inequality
[A(n—-1)+¢(no+1-h)]p(n,9)
Z‘n=2 (O'+(1 fl)) Tl (64)
Therefore it is enough to show that
[A(n—1)+ {(no +1—h)]p(n,9)
aTl n
C(U +(1- h))
[h(n —1)+¢(no+1—h)]p(n,9)
= anbn-
g(a +(1- h))
That is
— [A(n-1)+g(no+1-h)]C
Anby < [A(n—-1)+{(no+1-h)]¢ (6.5)
From (6.4)
g(a +(1- h))

Wbn S =D + oo + 1= RIg,9)

Thus it is enough to show that
g(a +(1- h)) - [A(n—1) +¢(noc+1—-n)|¢
[A(n—1)+¢(no+1—-n)]p(n,9) ~ [h(n—1) +{(no + 1 — h)]¢
which simplifies to

¢=2

(0 +(1- h))h(n -1
[A(n—1) +g(no + 1 —~A)]?¢p(n,9) — ¢ (0 +(1-— h))(na +1—-h)

7. Closure Theorems
We shall prove the following closure theorems for the class TS(h, o, ¢, 9).
Theorem 7.1. Letu; € TS(h,0,¢6,9),j = 1,2,...,s. Then
S
g(2) = Z cju;(z) € TS(h,0,6,9)
j=1
Foru;(z) = z — X3, an,j z", where 2§=1 ¢ =1
Proof.
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where e, = ¥j_1 ¢j ap,j. Thus g(2) € TS(h, 0,¢,9) if
i [A(n—1) +¢(no +1—h)]p(n,9)

~ s(c+1-h) =1
that is, if

oo [A(n— 1) + 5(no + 1 — B)]p(n,9)

Z €jn.j

e s(c+(1—-h)
_ZS:C i[h(n—1)+g(na+1—h)]¢>(n 9
) j=1 J n=2 S0 +(1-1) "

j=1

Theorem 7.2. Letu,g € TS(h,0,c,9). Then

h(z) =z - Z(a,% + b2) z" € TS(h,0,6,9), where
n=2
(> 2h(n — 1)¢? ((r +(1- h))
[A(n—1) +¢(no + 1 —-h)]?¢p(n,9) — Zgz(a +(1- h))(na +1—-h)
Proof. Since u, g € TS(h, o, g,19) so Theorem 2.1 yields

(h(n -1 +c¢noc+1-— h))d)(n 9) anr .

£ g(a +(1- h))
and
i (h(n = 1) +¢(no +1- )P ) 2 .
4| (o +(1-n) i
We obtain from the last two inequalities
1 [(A(n-D)+g(no+1-n))p(n,9) 2 2
R ] (a2 +b3) < 1. (7.0)
But h(2) € TS(h,0,,q,m), if and only if
Z%o , [A(n—1)+{(no+1-h)] ¢(n19)( aZ +b721) <1, (7.2)

{(o+(1-n))
where 0 < ¢ < 1, however (7.1) implies (7.2) if
[A(n—1)+ {(no+1—h)]p(n,9)

{(c+(1-h)
1[(A(n = D) +5(no + 1= 1))p(n, )]’
—2 s(c+(1-h)

Simplifying, we get
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2h(n — 1D¢?(a + (1 —h))

¢z [A(n—1) +¢(noc +1—h)]?¢p(n,9) — 2(;2(0 +(1- h))(na +1-—h)

8. Conclusion

This research has introduced a new fractional calclus operator and studied some basic properties of
geometric function theory. Accordingly, some results related to coefficient estimates, growth and distortion
properties, closure theorems and hadamard product have also been considered, inviting future research for
this field of study.
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