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Abstract: 

The aim of this paper is to discuss a new subclass 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) of univalent functions with negative 

coefficients related to fractional calclus operator in the unit disk 𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1}. We obtain basic 

properties like coefficient inequality, distortion and covering theorem, radii of starlikeness, convexity and 

close-to-convexity, extreme points, Hadamard product, and closure theorems for functions belonging to our 

class. 
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1. Introduction 

Let 𝐴 denote the class of all functions 𝑢(𝑧) of the form 

 𝑢(𝑧) = 𝑧 + ∑ 𝑎𝑛
∞
𝑛=2 𝑧𝑛, (1.1) 

in the open unit disc 𝕌 = {𝑧 ∈ ℂ: |𝑧| < 1}. Let 𝑆 be the subclass of 𝐴 consisting of univalent functions and 

satisfy the following usual normalization condition 𝑢(0) = 𝑢′(0) − 1 = 0. We denote by 𝑆 the subclass of 

𝐴 consisting of functions 𝑢(𝑧) which are all univalent in 𝕌. A function 𝑢 ∈ 𝐴 is a starlike function of the 

order 𝑚, 0 ≤ 𝑚 < 1, if it satisfies 

 ℜ{
𝑧𝑢′(𝑧)

𝑢(𝑧)
} > 𝑚, 𝑧 ∈ 𝕌. (1.2) 

We denote this class with 𝑆∗(𝑚). 

A function 𝑢 ∈ 𝐴 is a convex function of the order 𝑚, 0 ≤ 𝑚 < 1, if it fulfils 

 ℜ{1 +
𝑧𝑢″(𝑧)

𝑢′(𝑧)
} > 𝑚, 𝑧 ∈ 𝕌. (1.3) 

We denote this class with 𝐾(𝑚). 

Note that 𝑆∗(0) = 𝑆∗ and 𝐾(0) = 𝐾 are the usual classes of starlike and convex functions in 𝕌 respectively. 

Let 𝑇 denotes the class of functions analytic in 𝕌 that are of the form 

 𝑢(𝑧) = 𝑧 − ∑ 𝑎𝑛
∞
𝑛=2 𝑧𝑛,    𝑎𝑛 ≥ 0 𝑧 ∈, 𝕌 (1.4) 

and let 𝑇∗(𝑚) = 𝑇 ∩ 𝑆∗(𝑚),  𝐶(𝑚) = 𝑇 ∩ 𝐾(𝑚). The class 𝑇∗(𝑚) and allied classes possess some 

interesting properties and have been extensively studied by Silverman [11]. 

Fractional calculus is used in many investigations lately due to its numerous applications in diverse fields of 

research. Recently published thorough review articles ([1], [7]) discuss the history of fractional calculus and 

provide references to its many applications in science and engineering. 

Since the connection between hypergeometric functions and the theory of univalent functions was 

established in 1985 with the proof of Bieberbach’s conjecture [2], the confluent hypergeometric function 

was investigated concerning many aspects such as its univalence ([4], [5]) its applications on certain classes 

of univalent functions [8] and it was used in defining new operators [9]. 
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Many basically equivalent definitions of fractional computation have been given in literature ((cf.)e.g.,[10] 

and ([12], p. 45) ). We state the following definitions due to Owa and Srivastava [6] which have been used 

rather frequently in the theory of analytic functions (see also [3]). 

Definition 1.1.  The fractional integral of order 𝜗 is defined, for a function (𝑧) , by 

 𝐷𝑧
−𝜗𝑢(𝑧) =

1

ℏ(𝜗)
∫

𝑓(𝜁)

(𝑧−𝜁)1−𝜗

𝑧

0
𝑑𝜁,   (𝜗 > 0) (1.5) 

and the fractional derivative of order ς is defined, for a function 𝑢(𝑧) , by 

 𝐷𝑧
𝜗𝑢(𝑧) =

1

ℏ(1−𝜗)

𝑑

𝑑𝑧
∫

𝑓(𝜁)

(𝑧−𝜁)𝜗

𝑧

0
𝑑𝜁,   (0 ≤ 𝜗 < 1), (1.6) 

where 𝑢(𝑧) is an analytic function in a simply-connected region of the 𝑧-plane containing the origin, and the 

multiplicity of (𝑧 − 𝜁)𝜗−1 involved in (1.5) (and that of (𝑧 − 𝜁)−𝜗 involved in (1.6) is removed by requiring 

log(𝑧 − 𝜁) to be real when (𝑧 − 𝜁) > 0. 

Definition 1.2.  Under the hypotheses of Definition 1.1, the fractional derivative of order 𝑛 + 𝜗 is defined 

by 

 𝐷𝑧
𝑛+𝜗𝑢(𝑧) =

𝑑𝑛

𝑑𝑧𝑛
𝐷𝑧
𝜗𝑢(𝑧),   (0 ≤ 𝜗 < 1; 𝑛 ∈ N0 = N ∪ {0}). (1.7) 

With the aid of the above definitions, Owa and Srivastava [6] defined the fractional operator ℐ𝑧
𝜗 by 

𝒥𝑧
𝜗𝑢(𝑧) = ℏ(2 − 𝜗)𝑧𝜗𝐷𝑧

𝜗𝑢(𝑧),   (𝜗 ≠ 2,3,4,⋯ ) 

 𝒥𝑧
𝜗𝑢(𝑧) = 𝑧 + ∑ 𝜙∞

𝑛=2 (𝜗, 𝑛)𝑎𝑛𝑧
𝑛 (1.8) 

 where 𝜙(𝜗, 𝑛) =
ℏ(𝑛+1)ℏ(2−𝜗)

ℏ(𝑛−𝜗+1)
 (1.9) 

and 𝜙(𝜗, 2) =
2

(2 − 𝜗)
. 

Now, by making use of the linear operator 𝒥𝑧
𝜗𝑢, we define a new subclass of functions belonging to the 

class 𝐴. 

Definition 1.3.  For 0 ≤ ℏ < 1,0 ≤ 𝜎 < 1,0 < ς < 1,  and  0 ≤ 𝜗 < 1, we let 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) be the subclass 

of 𝑢 consisting of functions of the form (1.4) and its geometrical condition satisfy 

|

|
ℏ ((𝒥𝑧

𝜗𝑢(𝑧)) ′ −
𝒥𝑧
𝜗𝑢(𝑧)
𝑧 )

𝜎(𝒥𝑧
𝜗𝑢(𝑧))′ + (1 − ℏ)

𝒥𝑧
𝜗𝑢(𝑧)
𝑧

|

|
< ς,   𝑧 ∈ 𝕌 

where 𝒥𝑧
𝜗 , is given by (1.8). 

 

2. Coefficient Inequality 

In the following theorem, we obtain a necessary and sufficient condition for function to be in the class 

𝑇𝑆(ℏ, 𝜎, ς, 𝜗). 

Theorem 2.1.  Let the function 𝑢 be defined by (1.4). Then 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) if and only if 

 ∑ [ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]∞
𝑛=2 𝜙(𝑛, 𝜗)𝑎𝑛 ≤ ς(𝜎 + (1 − ℏ)), (2.1) 

where 0 < ς < 1,0 ≤ ℏ < 1,0 ≤ 𝜎 < 1,  and  0 ≤ 𝜗 < 1. The result (2.1) is sharp for the function 

𝑢(𝑧) = 𝑧 −
ς(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)
𝑧𝑛,   𝑛 ≥ 2. 

Proof. Suppose that the inequality (2.1) holds true and |𝑧| = 1. Then we obtain 
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|ℏ ((𝒥𝑧
𝜗𝑢(𝑧)) ′ −

𝒥𝑧
𝜗𝑢(𝑧)

𝑧
)| − ς |𝜎 (𝒥𝑧

𝜗𝑢(𝑧))′ + (1 − ℏ)
𝒥𝑧
𝜗𝑢(𝑧)

𝑧
)|

= |−ℏ∑(𝑛 − 1)

∞

𝑛=2

𝜙(𝑛, 𝜗)𝑎𝑛𝑧
𝑛−1|

      −ς |𝜎 + (1 − ℏ) −∑(𝑛𝜎 + 1 − ℏ)

∞

𝑛=2

𝜙(𝑛, 𝜗)𝑎𝑛𝑧
𝑛−1|

≤ ∑[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]

∞

𝑛=2

𝜙(𝑛, 𝜗)𝑎𝑛 − ς(𝜎 + (1 − ℏ))

≤ 0.

 

Hence, by maximum modulus principle,𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Now assume that 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) so that 

|

|
ℏ ((𝒥𝑧

𝜗𝑢(𝑧)) ′ −
𝒥𝑧
𝜗𝑢(𝑧)
𝑧 )

𝜎(𝒥𝑧
𝜗𝑢(𝑧))′ + (1 − ℏ)

𝒥𝑧
𝜗𝑢(𝑧)
𝑧

|

|
< ς,   𝑧 ∈ 𝕌 

Hence 

|ℏ ((𝒥𝑧
𝜗𝑢(𝑧)) ′ −

𝒥𝑧
𝜗𝑢(𝑧)

𝑧
)| < ς |𝜎 (𝒥𝑧

𝜗𝑢(𝑧))′ + (1 − ℏ)
𝒥𝑧
𝜗𝑢(𝑧)

𝑧
)|. 

Therefore, we get 

|−∑ℏ

∞

𝑛=2

(𝑛 − 1)𝜙(𝑛, 𝜗)𝑎𝑛𝑧
𝑛−1|

<  ς |𝜎 + (1 − ℏ) −∑(𝑛𝜎 + 1 − ℏ)

∞

𝑛=2

𝜙(𝑛, 𝜗)𝑎𝑛𝑧
𝑛−1| .

 

Thus 

∑[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]

∞

𝑛=2

𝜙(𝑛, 𝜗)𝑎𝑛 ≤ ς(𝜎 + (1 − ℏ)) 

and this completes the proof. 

Corollary 2.1.  Let the function 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗).Then 

𝑎𝑛 ≤
ς(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)
𝑧𝑛,   𝑛 ≥ 2. 

 

3. Distortion and Covering Theorem 

We introduce the growth and distortion theorems for the functions in the class 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) 

Theorem 3.1.  Let the function 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then 

|𝑧| −
ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
|𝑧|2 ≤ |𝑢(𝑧)|

≤ |𝑧| +
ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
|𝑧|2.

 

The result is sharp and attained 

𝑢(𝑧) = 𝑧 −
ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
𝑧2. 
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Proof. 

|𝑢(𝑧)| = |𝑧 −∑𝑎𝑛

∞

𝑛=2

𝑧𝑛| ≤ |𝑧| +∑𝑎𝑛

∞

𝑛=2

|𝑧|𝑛

≤ |𝑧| + |𝑧|2∑𝑎𝑛

∞

𝑛=2

.

 

By Theorem 2.1, we get 

 ∑ 𝑎𝑛
∞
𝑛=2 ≤

ς(𝜎+(1−ℏ))

[ℏ+ς(2𝜎+1−ℏ)]𝜙(𝑛,𝜗)
. (3.1) 

Thus 

|𝑢(𝑧)| ≤ |𝑧| +
ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
|𝑧|2. 

Also 

|𝑢(𝑧)| ≥ |𝑧| −∑𝑎𝑛

∞

𝑛=2

|𝑧|𝑛

≥ |𝑧| − |𝑧|2∑𝑎𝑛

∞

𝑛=2

≥ |𝑧| −
ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
|𝑧|2.

 

Theorem 3.2.  Let 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then 

1 −
2ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
|𝑧| ≤ |𝑢′(𝑧)| ≤ 1 +

2ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
|𝑧| 

with equality for 

𝑢(𝑧) = 𝑧 −
2ς(𝜎 + (1 − ℏ))

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]
𝑧2. 

Proof. Notice that 

 

𝜙(2, 𝜗)[ℏ + ς(2𝜎 + 1 − ℏ)]∑ 𝑛∞
𝑛=2 𝑎𝑛

≤ ∑ 𝑛∞
𝑛=2 [ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)𝑎𝑛

≤ ς(𝜎 + (1 − ℏ)),

 (3.2) 

from Theorem 2.1. Thus 

 

|𝑢′(𝑧)| = |1 − ∑ 𝑛∞
𝑛=2 𝑎𝑛𝑧

𝑛−1|

≤ 1 + ∑ 𝑛∞
𝑛=2 𝑎𝑛|𝑧|

𝑛−1

≤ 1 + |𝑧|∑ 𝑛∞
𝑛=2 𝑎𝑛

≤ 1 + |𝑧|
2ς(𝜎+(1−ℏ))

𝜙(2,𝜗)[ℏ+ς(2𝜎+1−ℏ)]
.

 (3.3) 

On the other hand 

 

|𝑢′(𝑧)| = |1 − ∑ 𝑛∞
𝑛=2 𝑎𝑛𝑧

𝑛−1|

≥ 1 − ∑ 𝑛∞
𝑛=2 𝑎𝑛|𝑧|

𝑛−1

≥ 1 − |𝑧|∑ 𝑛∞
𝑛=2 𝑎𝑛

≥ 1 − |𝑧|
2ς(𝜎+(1−ℏ))

𝜙(2,𝜗)[ℏ+ς(2𝜎+1−ℏ)]
.

 (3.4) 

Combining (3.3) and (3.4), we get the result. 

4. Radii of Starlikeness, Convexity and Close-to-Convexity 

In the following theorems, we obtain the radii of starlikeness, convexity and close-to-convexity for the class 

𝑇𝑆(ℏ, 𝜎, ς, 𝜗). 
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Theorem 4.1.  Let 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then 𝑢 is starlike in |𝑧| < 𝑅1 of order 𝛿,   0 ≤ 𝛿 < 1, where 

 𝑅1 = inf
𝑛
{
(1−𝛿)(ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ))𝜙(𝑛,𝜗)

(𝑛−𝛿)ς(𝜎+(1−ℏ))
}

1

𝑛−1
,   𝑛 ≥ 2. (4.1) 

Proof. 𝑢 is starlike of order 𝛿, 0 ≤ 𝛿 < 1 if 

ℜ{
𝑧𝑢′(𝑧)

𝑢(𝑧)
} > 𝛿. 

Thus it is enough to show that 

|
𝑧𝑢′(𝑧)

𝑢(𝑧)
− 1| = |

−∑ (𝑛 − 1)∞
𝑛=2 𝑎𝑛𝑧

𝑛−1

1 − ∑ 𝑎𝑛
∞
𝑛=2 𝑧𝑛−1

| ≤
∑ (𝑛 − 1)∞
𝑛=2 𝑎𝑛|𝑧|

𝑛−1

1 − ∑ 𝑎𝑛
∞
𝑛=2 |𝑧|𝑛−1

. 

Thus 

 |
𝑧𝑢′(𝑧)

𝑢(𝑧)
− 1| ≤ 1 − 𝛿 if ∑

(𝑛−𝛿)

(1−𝛿)
∞
𝑛=2 𝑎𝑛|𝑧|

𝑛−1 ≤ 1. (4.2) 

Hence by Theorem 2.1, (4.2) will be true if 

𝑛 − 𝛿

1 − 𝛿
|𝑧|𝑛−1 ≤

(ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ))𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ)
 

or if 

 |𝑧| ≤ [
(1−𝛿)(ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ))𝜙(𝑛,𝜗)

(𝑛−𝛿)ς(𝜎+(1−ℏ))
]

1

𝑛−1
, 𝑛 ≥ 2. (4.3) 

The Theorem 4.1 follows easily from (4.3). 

Theorem 4.2.  Let 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then 𝑢 is convex in |𝑧| < 𝑅2 of order 𝛿, 0 ≤ 𝛿 < 1, where 

 𝑅2 = inf
𝑛
{
(1−𝛿)(ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ))𝜙(𝑛,𝜗)

𝑛(𝑛−𝛿)ς(𝜎+(1−ℏ))
}

1

𝑛−1
,   𝑛 ≥ 2. (4.4) 

Proof. 𝑢 is convex of order 𝛿, 0 ≤ 𝛿 < 1 if 

ℜ{1 +
𝑧𝑢″(𝑧)

𝑢′(𝑧)
} > 𝛿. 

Thus it is enough to show that 

|
𝑧𝑢″(𝑧)

𝑢′(𝑧)
| = |

−∑ 𝑛∞
𝑛=2 (𝑛 − 1)𝑎𝑛𝑧

𝑛−1

1 − ∑ 𝑛∞
𝑛=2 𝑎𝑛𝑧𝑛−1

| ≤
∑ 𝑛∞
𝑛=2 (𝑛 − 1)𝑎𝑛|𝑧|

𝑛−1

1 − ∑ 𝑛∞
𝑛=2 𝑎𝑛|𝑧|𝑛−1

. 

Thus 

 |
𝑧𝑢″(𝑧)

𝑢′(𝑧)
| ≤ 1 − 𝛿 if ∑

𝑛(𝑛−𝛿)

(1−𝛿)
∞
𝑛=2 𝑎𝑛|𝑧|

𝑛−1 ≤ 1. (4.5) 

Hence by Theorem 2.1, (4.5) will be true if 

𝑛(𝑛 − 𝛿)

1 − 𝛿
|𝑧|𝑛−1 ≤

(ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ))𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ)
 

or if 

 |𝑧| ≤ [
(1−𝛿)(ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ))𝜙(𝑛,𝜗)

𝑛(𝑛−𝛿)ς(𝜎+(1−ℏ))
]

1

𝑛−1
, 𝑛 ≥ 2. (4.6) 

The theorem follows easily from (4.6). 

Theorem 4.3.  Let 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then 𝑢 is close-to-convex in |𝑧| < 𝑅3 of order 𝛿,   0 ≤ 𝛿 < 1, where 

 𝑅3 = inf
𝑛
{
(1−𝛿)(ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ))𝜙(𝑛,𝜗)

𝑛ς(𝜎+(1−ℏ))
}

1

𝑛−1
,   𝑛 ≥ 2. (4.7) 

Proof. 𝑢 is close-to-convex of order 𝛿, 0 ≤ 𝛿 < 1 if 

ℜ{𝑢′(𝑧)} > 𝛿. 

Thus it is enough to show that 
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|𝑢′(𝑧) − 1| = |−∑𝑛

∞

𝑛=2

𝑎𝑛𝑧
𝑛−1| ≤ ∑𝑛

∞

𝑛=2

𝑎𝑛|𝑧|
𝑛−1. 

Thus 

 |𝑢′(𝑧) − 1| ≤ 1 − 𝛿 if ∑
𝑛

(1−𝛿)
∞
𝑛=2 𝑎𝑛|𝑧|

𝑛−1 ≤ 1. (4.8) 

Hence by Theorem 2.1, (4.8) will be true if 

𝑛

1 − 𝛿
|𝑧|𝑛−1 ≤

(ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ))𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ)
 

or if 

 |𝑧| ≤ [
(1−𝛿)(ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ))𝜙(𝑛,𝜗)

𝑛ς(𝜎+(1−ℏ))
]

1

𝑛−1
, 𝑛 ≥ 2. (4.9) 

The theorem follows easily from (4.9). 

 

5. Extreme Points 

In the following theorem, we obtain extreme points for the class 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). 

Theorem 5.1.  Let 𝑢1(𝑧) = 𝑧 and 

𝑢𝑛(𝑧) = 𝑧 −
ς(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)
𝑧𝑛,   for  𝑛 = 2,3,⋯. 

Then 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) if and only if it can be expressed in the form 

𝑢(𝑧) = ∑𝜃𝑛

∞

𝑛=1

𝑢𝑛(𝑧), where 𝜃𝑛 ≥ 0 and ∑𝜃𝑛

∞

𝑛=1

= 1. 

Proof. Assume that 𝑢(𝑧) = ∑ 𝜃𝑛
∞
𝑛=1 𝑢𝑛(𝑧), hence we get 

𝑢(𝑧) = 𝑧 −∑
ς(𝜎 + (1 − ℏ))𝜃𝑛

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

∞

𝑛=2

𝑧𝑛. 

Now, 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗), since 

∑
[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))

∞

𝑛=2

    ×
ς(𝜎 + (1 − ℏ))𝜃𝑛

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

= ∑𝜃𝑛

∞

𝑛=2

= 1 − 𝜃1 ≤ 1.

 

Conversely, suppose 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then we show that 𝑢 can be written in the form ∑ 𝜃𝑛
∞
𝑛=1 𝑢𝑛(𝑧). 

Now 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) implies from Theorem 2.1 

𝑎𝑛 ≤
ς(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)
. 

Setting 𝜃𝑛 =
[ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ)]𝜙(𝑛,𝜗)

ς(𝜎+(1−ℏ))
𝑎𝑛, 𝑛 = 2,3,⋯ 

and 𝜃1 = 1 − ∑ 𝜃𝑛
∞
𝑛=2 , we obtain 𝑢(𝑧) = ∑ 𝜃𝑛

∞
𝑛=1 𝑢𝑛(𝑧). 

 

6. Hadamard product 

In the following theorem, we obtain the convolution result for functions belongs to the class 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). 

Theorem 6.1.  Let 𝑢, 𝑔 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then 𝑢 ∗ 𝑔 ∈ 𝑇𝑆(ℏ, 𝜎, 𝜁, 𝜗) for 
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𝑢(𝑧) = 𝑧 −∑𝑎𝑛

∞

𝑛=2

𝑧𝑛, 𝑔(𝑧) = 𝑧 −∑𝑏𝑛

∞

𝑛=2

𝑧𝑛  and (𝑢 ∗ 𝑔)(𝑧) = 𝑧 −∑𝑎𝑛

∞

𝑛=2

𝑏𝑛𝑧
𝑛, 

where 

𝜁 ≥
ς2(𝜎 + (1 − ℏ))ℏ(𝑛 − 1)

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]2𝜙(𝑛, 𝜗) − ς2(𝜎 + (1 − ℏ))(𝑛𝜎 + 1 − ℏ)
. 

Proof. 𝑢 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) and so 

 ∑
[ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ)]𝜙(𝑛,𝜗)

ς(𝜎+(1−ℏ))
∞
𝑛=2 𝑎𝑛 ≤ 1, (6.1) 

and 

 ∑
[ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ)]𝜙(𝑛,𝜗)

ς(𝜎+(1−ℏ))
∞
𝑛=2 𝑏𝑛 ≤ 1. (6.2) 

We have to find the smallest number 𝜁 such that 

 ∑
[ℏ(𝑛−1)+𝜁(𝑛𝜎+1−ℏ)]𝜙(𝑛,𝜗)

𝜁(𝜎+(1−ℏ))
∞
𝑛=2 𝑎𝑛𝑏𝑛 ≤ 1. (6.3) 

By Cauchy-Schwarz inequality 

 ∑
[ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ)]𝜙(𝑛,𝜗)

ς(𝜎+(1−ℏ))
∞
𝑛=2 √𝑎𝑛𝑏𝑛 ≤ 1. (6.4) 

Therefore it is enough to show that 

[ℏ(𝑛 − 1) + 𝜁(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

𝜁(𝜎 + (1 − ℏ))
𝑎𝑛𝑏𝑛

≤
[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))
√𝑎𝑛𝑏𝑛.

 

That is 

 √𝑎𝑛𝑏𝑛 ≤
[ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ)]𝜁

[ℏ(𝑛−1)+𝜁(𝑛𝜎+1−ℏ)]ς
. (6.5) 

From (6.4) 

√𝑎𝑛𝑏𝑛 ≤
ς(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)
. 

Thus it is enough to show that 

ς(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)
≤
[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜁

[ℏ(𝑛 − 1) + 𝜁(𝑛𝜎 + 1 − ℏ)]ς
, 

which simplifies to 

𝜁 ≥
ς2(𝜎 + (1 − ℏ))ℏ(𝑛 − 1)

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]2𝜙(𝑛, 𝜗) − ς2(𝜎 + (1 − ℏ))(𝑛𝜎 + 1 − ℏ)
. 

 

7. Closure Theorems 

We shall prove the following closure theorems for the class 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). 

Theorem 7.1.  Let 𝑢𝑗 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗), 𝑗 = 1,2, … , 𝑠. Then 

𝑔(𝑧) =∑𝑐𝑗

𝑠

𝑗=1

𝑢𝑗(𝑧) ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) 

For 𝑢𝑗(𝑧) = 𝑧 − ∑ 𝑎𝑛,𝑗
∞
𝑛=2 𝑧𝑛, where ∑ 𝑐𝑗

𝑠
𝑗=1 = 1. 

Proof. 
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𝑔(𝑧) = ∑𝑐𝑗

𝑠

𝑗=1

𝑢𝑗(𝑧)

= 𝑧 −∑∑𝑐𝑗

𝑠

𝑗=1

∞

𝑛=2

𝑎𝑛,𝑗𝑧
𝑛

= 𝑧 −∑𝑒𝑛

∞

𝑛=2

𝑧𝑛,

 

where 𝑒𝑛 = ∑ 𝑐𝑗
𝑠
𝑗=1 𝑎𝑛,𝑗. Thus 𝑔(𝑧) ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗) if 

∑
[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))

∞

𝑛=2

𝑒𝑛 ≤ 1, 

that is, if 

∑∑
[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))

𝑠

𝑗=1

∞

𝑛=2

𝑐𝑗𝑎𝑛,𝑗

=∑𝑐𝑗

𝑠

𝑗=1

∑
[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))

∞

𝑛=2

𝑎𝑛,𝑗

≤ ∑𝑐𝑗

𝑠

𝑗=1

= 1.

 

Theorem 7.2.  Let 𝑢, 𝑔 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗). Then 

ℎ(𝑧) = 𝑧 −∑(𝑎𝑛
2 + 𝑏𝑛

2)

∞

𝑛=2

𝑧𝑛 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗), where 

𝜁 ≥
2ℏ(𝑛 − 1)ς2(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]2𝜙(𝑛, 𝜗) − 2ς2(𝜎 + (1 − ℏ))(𝑛𝜎 + 1 − ℏ)
. 

Proof. Since 𝑢, 𝑔 ∈ 𝑇𝑆(ℏ, 𝜎, ς, 𝜗), so Theorem 2.1 yields 

∑[
(ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ))𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))
𝑎𝑛]

2∞

𝑛=2

≤ 1 

and 

∑[
(ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ))𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))
𝑏𝑛]

2∞

𝑛=2

≤ 1. 

We obtain from the last two inequalities 

 ∑
1

2
∞
𝑛=2 [

(ℏ(𝑛−1)+ς(𝑛𝜎+1−ℏ))𝜙(𝑛,𝜗)

ς(𝜎+(1−ℏ))
]
2

(𝑎𝑛
2 + 𝑏𝑛

2) ≤ 1. (7.1) 

But ℎ(𝑧) ∈ 𝑇𝑆(ℏ, 𝜎, 𝜁, 𝑞,𝑚), if and only if 

 ∑
[ℏ(𝑛−1)+𝜁(𝑛𝜎+1−ℏ)]𝜙(𝑛,𝜗)

𝜁(𝜎+(1−ℏ))
∞
𝑛=2 (𝑎𝑛

2 + 𝑏𝑛
2) ≤ 1, (7.2) 

where 0 < 𝜁 < 1, however (7.1) implies (7.2) if 

[ℏ(𝑛 − 1) + 𝜁(𝑛𝜎 + 1 − ℏ)]𝜙(𝑛, 𝜗)

𝜁(𝜎 + (1 − ℏ))

≤
1

2
[
(ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ))𝜙(𝑛, 𝜗)

ς(𝜎 + (1 − ℏ))
]

2

.

 

Simplifying, we get 
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𝜁 ≥
2ℏ(𝑛 − 1)ς2(𝜎 + (1 − ℏ))

[ℏ(𝑛 − 1) + ς(𝑛𝜎 + 1 − ℏ)]2𝜙(𝑛, 𝜗) − 2ς2(𝜎 + (1 − ℏ))(𝑛𝜎 + 1 − ℏ)
. 

 

8. Conclusion 

This research has introduced a new fractional calclus operator and studied some basic properties of 

geometric function theory. Accordingly, some results related to coefficient estimates, growth and distortion 

properties, closure theorems and hadamard product have also been considered, inviting future research for 

this field of study. 
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