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Abstract: 

The uniqueness of a meromorphic function 𝑓(𝑧) and its shift 𝑓(𝑧 + 𝑐) under various value-sharing and growth 

conditions has been extensively studied. In particular, the uniqueness of their derivatives under IM and CM 

value-sharing conditions has received considerable attention. In this paper, we investigate the uniqueness of 

𝑓(𝑙)(𝑧) and 𝐿(𝑘)(𝑓) when they share two distinct values CM. Where 𝐿(𝑓) = ∑ 𝑎𝑗𝑓(𝑧 + 𝑐𝑗)𝑛
𝑗=1  be a linear shift 

function of 𝑓(𝑧). Our results refine and extend existing uniqueness theorems. We also study the role of 

deficiency conditions in value sharing and their impact on uniqueness. Finally, we establish uniqueness results 

for 𝑓(𝑙)(𝑧) and 𝐿(𝑘)(𝑓) sharing one value CM under suitable deficiency conditions, and obtain the 

corresponding IM result under a stronger deficiency condition. 
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1. Introduction 

Throughout this paper, we assume that the reader is familiar with the standard notation of Nevanlinna theory, 

as presented, for example, in [1–3]. In particular, 𝑇(𝑟, 𝑓), 𝑚(𝑟, 𝑓), and 𝑁(𝑟, 𝑓) denote the characteristic, 

proximity, and counting functions, respectively. We denote by 𝑆(𝑟, 𝑓) the class of all small functions of 𝑓; 

that is, a meromorphic function 𝑎 belongs to 𝑆(𝑟, 𝑓) if 𝑇(𝑟, 𝑎) = 𝑜(𝑇(𝑟, 𝑓)), 𝑟 → ∞. 

Nevanlinna theory has found extensive applications in the study of meromorphic solutions of complex 

differential equations. Subsequently, a difference analogue of the logarithmic derivative was developed, 

leading to the emergence of difference equations in complex analysis. For further details and related results, 

we refer the reader to [4,5]. 

 

Definitions [19]. Let 𝐹 and 𝐺 be two non-constant meromorphic functions such that 𝐹 and 𝐺 share the value 

1 IM. Let 𝑧1 be a 1-point of 𝐹 of order 𝑚, a 1-point of 𝐺 of order 𝑛. We denote by 𝑁̅𝐿 (𝑟,
1

𝐹−1
), the counting 

function of those 1-points of 𝐹 where 𝑚 >  𝑛; by 𝑁𝐸
1)

(𝑟,
1

𝐹−1
) the counting function of those 1-points of 𝐹 

where 𝑚 =  𝑛 = 1; by 𝑁𝐸
(2

(𝑟,
1

𝐹−1
) the counting function of those 1-points of 𝐹 where 𝑚 =  𝑛 ≥  2; in 

each of the function, each 1-point is counted only once. We define 𝑁̅𝐿 (𝑟,
1

𝐺−1
), 𝑁𝐸

1)
(𝑟,

1

𝐺−1
) and 𝑁𝐸

(2
(𝑟,

1

𝐺−1
) 
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in the same way. In addition, 𝑁̅(2 (𝑟,
1

𝐹
) is the counting function of zeros of 𝐹 whose multiplicities are greater 

than 2. By the above definitions, we have 

                             𝑁̅ (1,
1

𝐹
) + 𝑁̅(2 (𝑟,

1

𝐹
) ≤ 𝑁 (𝑟,

1

𝐹
).                                        (1.1) 

Also, define         𝛿(0, 𝐹) = 1 − lim̅̅ ̅̅
𝑛→∞

𝑁(𝑟,
1

𝐹
)

𝑇(𝑟,
1

𝐹
)
,    Θ(∞, 𝐹) = 1 − lim̅̅ ̅̅

𝑛→∞
𝑁̅(𝑟,𝐹)

𝑇(𝑟,𝐹)
. 

 

Theorem 1 ([12]). Let 𝑓(𝑧) be a finite order transcendental entire function, and let 𝑎(≠ 0)  ∈ 𝐶. If 𝑓′(𝑧) and 

𝑓(𝑧 + 𝑐) share 0 CM and 𝑎 IM, then 𝑓′(𝑧)  =  𝑓(𝑧 + 𝑐).  

In 2021, Z. Wang, X. Qi ([13]) improved this result for the entire function, and they proved the following: 

 

Theorem 2 ([13]). Let 𝑓(𝑧) be a transcendental entire function of hyper-order strictly less than 1, and let 𝑎 ≠

 0 ∈  𝐶. If 𝑓′(𝑧) and 𝑓(𝑧 + 𝑐) share 𝑎 IM and 𝛿(0, 𝑓)  >
4

5
. Then 𝑓′(𝑧)  =  𝑓(𝑧 + 𝑐). 

In this view, W.-J. Chen, Z.-G. Haunag [14] worked on the unicity of 𝑗𝑡ℎ derivative of a meromorphic function 

𝑓(𝑧) and 𝑘𝑡ℎ derivative of its shift 𝑓(𝑧 + 𝑐) for partially shared value and they proved the following result:  

 

Theorem 3 ([14]). Let 𝑓(𝑧) be a non-constant meromorphic function of finite order, and let 𝑐 be a non-zero 

finite complex number and 𝑗, 𝑘 be integers with 0 ≤  𝑗 <  𝑘. If 𝑓(𝑗)(𝑧) and 𝑓(𝑘)(𝑧 + 𝑐) share a non-zero 

finite complex number 𝑎 CM, and satisfy 𝐸(0, 𝑓(𝑗)(𝑧)) ⊂ 𝐸(0, 𝑓(𝑘)(𝑧 + 𝑐)) and 𝐸(∞, 𝑓(𝑘)(𝑧 +  𝑐)) ⊂

 𝐸(∞, 𝑓(𝑗)(𝑧)), then 𝑓(𝑗) (𝑧)  =  𝑓(𝑘)(𝑧 + 𝑐). 

In the year 2025, Pramanik, Dey discussed the deficiency condition on Theorem 3 to get the following results: 

 

Theorem 4 ([19]). Let 𝑓(𝑧) be a non-constant meromorphic function of hyper-order less than 1 and let 𝑐 be 

a non-zero complex number, and let 𝑗, 𝑘 be integers with 0 ≤  𝑗 < 𝑘. Suppose that 𝑓(𝑗)(𝑧) and 𝑓(𝑘)(𝑧 + 𝑐) 

share 0, ∞ CM and satisfy 

 lim̅̅ ̅̅
𝑛→∞

𝑁(𝑟,
1

𝑓(𝑗)−1
)

𝑇(𝑟,𝑓(𝑗) )
< 𝜆 < 1, then 𝑓(𝑗) (𝑧) =  𝑓(𝑘)(𝑧 + 𝑐). 

 

Theorem 5 ([19]). Let 𝑓 be a transcendental meromorphic function of hyper-order less than 1, let 𝑐 𝜖 𝐶\{0}, 

and let 𝑗, 𝑘 be integers with 0 ≤  𝑗 < 𝑘. Suppose that 𝑓(𝑗)(𝑧) and 𝑓(𝑘)(𝑧 + 𝑐) share 𝑎 ≠ 0, ∞ IM and satisfy 

                          5𝛿(0, 𝑓) + (7 + 2𝑗 + 2𝑘)Θ(∞, 𝑓) > 11 + 2𝑗 + 2𝑘, 

then 𝑓(𝑗)(𝑧) = 𝑓(𝑘)(𝑧 + 𝑐). 

 

Theorem 6. Let 𝑓(𝑧) be a non-constant meromorphic function of hyper-order less than 1 and let 𝐿(𝑓) =

∑ 𝑎𝑗𝑓(𝑧 + 𝑐𝑗)𝑛
𝑗=1  be a linear shift function of 𝑓(𝑧), where 𝑎𝑗 ≠ 0, 𝑗 = 1,2, … , 𝑛, 𝑐𝑗 ∈ 𝐶(𝑗 = 1,2, … , 𝑛) are 

distinct complex numbers and let 𝑙, 𝑘 be integers with 0 ≤  𝑙 < 𝑘. Suppose that 𝑓(𝑙)(𝑧) and 𝐿(𝑘)(𝑓) share 

0, ∞ CM and satisfy 

 lim̅̅ ̅̅
𝑛→∞

𝑁(𝑟,
1

𝑓(𝑙)−1
)

𝑇(𝑟,𝑓(𝑙) )
< 𝜆 < 1, then 𝑓(𝑙) (𝑧) =  𝐿(𝑘)(𝑓). 

 

Theorem 7. Let 𝑓 be a transcendental meromorphic function of hyper-order less than 1, let 𝐿(𝑓) is as defined 

in Theorem 6 and let 𝑙, 𝑘 be integers with 0 ≤  𝑙 < 𝑘. Suppose that 𝑓(𝑙)(𝑧) and 𝐿(𝑘)(𝑓) share 𝑎 ≠ 0, ∞ IM 

and satisfy 

                             5𝛿(0, 𝑓) + (2 + 𝑘)Θ(0, f) + (2l + k)𝛿(∞, 𝑓) > 2(𝑙 + 𝑘) + 6, 
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then 𝑓(𝑙)(𝑧) = 𝐿(𝑘)(𝑓). 

 

2.Lemmas 

Lemma 1 ([15]). Let 𝑓(𝑧) be a non-constant meromorphic function of hyper-order 𝜌2(𝑓)  <  1, and 

𝑐 𝜖 𝐶\{0}. Then 

                                    𝑚 (𝑟,
𝑓(𝑧+𝑐)

𝑓(𝑧)
) + 𝑚 (𝑟,

𝑓(𝑧)

𝑓(𝑧+𝑐)
) = 𝑆(𝑟, 𝑓). 

 

Lemma 2([15]). Let 𝑻: [𝟎, +∞) → [𝟎, +∞) be a non-decreasing continuous function and 𝑠 ∈ (0, ∞). If hyper-

order of 𝑇 is strictly less than one, i.e. 

                                  lim̅̅ ̅̅
𝑛→∞

𝑙𝑜𝑔𝑙𝑜𝑔𝑇(𝑟)

𝑙𝑜𝑔𝑟
= 𝜌2 < 1, 

And 𝛿 ∈ (0, 1 − 𝜌2), then 𝑇(𝑟 + 𝑠) = 𝑇(𝑟) + 𝑜(𝑇(𝑟)𝑟−𝛿)  as 𝑟 → +∞ outside some set of finite logarithmic 

measure. 

 

Lemma 3 ([16]). Suppose that 𝑓(𝑧) be a non-constant meromorphic function of finite order and 𝑎𝑠 for 𝑠 ∈

 {1,2, . . . , 𝑞} (𝑞 ≥ 2) are distinct finite complex numbers. Let 𝑗, 𝑘 be integers with 0 ≤ 𝑗 < 𝑘. Then for each 

𝑟 > 0 we have 

𝑚 (𝑟, 𝑓(𝑗)(𝑧)) + ∑ 𝑚 (𝑟,
1

𝑓(𝑗)(𝑧) − 𝑎𝑠

) ≤ 2𝑇 (𝑟, 𝑓(𝑗)(𝑧)) − 𝑁𝑝𝑎𝑖𝑟(𝑟, 𝑓) + 𝑆(𝑟, 𝑓),

𝑞

𝑠−1

 

where,  

    𝑁𝑝𝑎𝑖𝑟 = 2𝑁 (𝑟, 𝑓(𝑗)(𝑧)) − 𝑁 (𝑟, 𝑓(𝑘)(𝑧 + 𝑐)) + 𝑁 (𝑟,
1

𝑓(𝑘)(𝑧+𝑐)
) + 𝑆(𝑟, 𝑓). 

 

Lemma 4 ([3]). Let 𝑓(𝑧) be a non-constant meromorphic function in a complex plane and 𝑘 be a positive 

integer. Set 

𝜓(𝑧) = ∑ 𝑎𝑘(𝑧)𝑓(𝑘)(𝑧)

𝑛

𝑘=0

, 

where, 𝑎𝑘(𝑧)(𝑘𝜖{0,1, … , 𝑛}) are small functions of 𝑓(𝑧). Then 

   𝑇(𝑟, 𝜓) ≤ 𝑇(𝑟, 𝑓) + 𝑘𝑁̅(𝑟, 𝑓) + 𝑆(𝑟, 𝑓) ≤ (𝑘 + 1)𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓), 

 𝑁 (𝑟,
1

𝜓
) ≤ 𝑁 (𝑟,

1

𝑓
) + 𝑘𝑁̅(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 

 

Lemma 5 ([17]). Let 𝑓 be a non-constant meromorphic function, then 

𝑁 (𝑟,
1

𝑓(𝑛)
) ≤ 𝑇(𝑟, 𝑓(𝑛)) − 𝑇(𝑟, 𝑓) + 𝑁 (𝑟,

1

𝑓
) + 𝑆(𝑟, 𝑓), 

𝑁 (𝑟,
1

𝑓(𝑛)
) ≤ 𝑁 (𝑟,

1

𝑓
) + 𝑛𝑁̅(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 

 

Lemma 6 ([18]). Let 

                               𝐻(𝑧) = (
𝐹′′

𝐹′ −
2𝐹′

𝐹−1
) − (

𝐺′′

𝐺′ −
2𝐺′

𝐺−1
),                              (2.1) 

where 𝐹 and 𝐺 be two non-constant meromorphic functions. If 𝐹 and 𝐺 share 1 IM and 𝐻 ≠ 0, then 

                     𝑁𝐸
1)

(𝑟,
1

𝐹−1
) ≤ 𝑁(𝑟, 𝐻) + 𝑆(𝑟, 𝐺) + 𝑆(𝑟, 𝐹).                         (2.2)   
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3.Main Results 

Proof of Theorem 6. Suppose that 𝑓(𝑙)(𝑧) ≠ 𝐿(𝑘)(𝑓). Since 𝑓(𝑙)(𝑧) and 𝐿(𝑘)(𝑓) share 0, ∞ CM. By the 

second fundamental theorem we have, 

𝑇(𝑟, 𝑓(𝑙)) ≤ 𝑁(𝑟, 𝑓(𝑙)) + 𝑁 (𝑟,
1

𝑓(𝑙)
) + 𝑁 (𝑟,

1

𝑓(𝑙) − 1
) + 𝑆(𝑟, 𝑓(𝑙)) 

                ≤ 𝑁(𝑟, 𝐿(𝑘)) + 𝑁 (𝑟,
1

𝐿(𝑘)) + 𝑁 (𝑟,
1

𝐿(𝑘)−1
) + 𝑆(𝑟, 𝐿(𝑘)) 

                ≤ 2𝑇(𝑟, 𝐿(𝑘)) + 𝜆𝑇(𝑟, 𝑓(𝑙)) + 𝑆(𝑟, 𝑓(𝑙)), 

where 𝜆 < 1. This implies   

                                    𝑇(𝑟, 𝑓(𝑙)) = 𝑂(𝑇(𝑟, 𝐿(𝑘)))                                      (3.1) 

By Lemma 2 

                                    𝑇(𝑟, 𝐿(𝑘)) = 𝑇(𝑟, 𝑓(𝑙)) + 𝑂(1), 

By Lemma 4  

                                    𝑇(𝑟, 𝐿(𝑘)) ≤ (𝑘 + 1)𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                   (3.2) 

From (3.1) and (3.2), 

                                     𝑆(𝑟, 𝑓(𝑙)) = 𝑆(𝑟, 𝐿(𝑘)) = 𝑆(𝑟, 𝑓). 

Using Lemma 3 

      𝑇(𝑟, 𝑓(𝑙)) ≤ 𝑁(𝑟, 𝑓(𝑙)) + 𝑁 (𝑟,
1

𝑓(𝑙)) + 𝑁 (𝑟,
1

𝑓(𝑙)−1
) − 𝑁𝑝𝑎𝑖𝑟(𝑟, 𝑓) + 𝑆(𝑟, 𝑓) 

        = 𝑁 (𝑟,
1

𝑓(𝑙)) + 𝑁 (𝑟,
1

𝑓(𝑙)−1
) − 𝑁(𝑟, 𝑓(𝑙)) + 𝑁(𝑟, 𝐿(𝑘)) − 𝑁 (𝑟,

1

𝐿(𝑘)) + 𝑆(𝑟, 𝑓)  

       ≤ 𝑁 (𝑟,
1

𝑓(𝑙)−1
) + 𝑆(𝑟, 𝑓) 

Hence    𝑇(𝑟, 𝑓(𝑙)) ≤ 𝜆𝑇(𝑟, 𝑓(𝑙)) + 𝑆(𝑟, 𝑓), this yields a contradiction for 𝜆 < 1. 

 

 

Proof of Theorem 7. Let  

𝐹(𝑧) =
𝑓(𝑙)(𝑍)

𝑎
    and    𝐺(𝑧) =

𝐿(𝑘)(𝑍)

𝑎
.                                                               (3.3) 

Then it can be easily shown that 𝑆(𝑟, 𝐹)  =  𝑆(𝑟, 𝑓) and 𝑆(𝑟, 𝐺)  =  𝑆(𝑟, 𝑓).  

Now, If 𝐻(𝑧) ≠ 0, then, 

𝑁(𝑟, 𝐻) ≤ 𝑁̅(2 (𝑟,
1

𝐹
) + 𝑁̅(2 (𝑟,

1

𝐺
) + 𝑁̅𝐿 (𝑟,

1

𝐹 − 1
) + 𝑁̅𝐿 (𝑟,

1

𝐺 − 1
) + 𝑁̅(𝑟, 𝐹) + 

                   𝑁̅(𝑟, 𝐺) + 𝑁0 (𝑟,
1

𝐹′
) + 𝑁0 (𝑟,

1

𝐺′
)                                                  (3.4) 

where𝑁0 (𝑟,
1

𝐹′
) and 𝑁0 (𝑟,

1

𝐺′
) are the counting functions corresponding to the zeros of 𝐹 and 𝐺 that are not 

zeros of 𝐹 and 𝐹 − 1 and 𝐺 and 𝐺 − 1 respectively. But, 𝐹 and 𝐺 share 1 IM, it is easy to observe that  

 𝑁̅ (𝑟,
1

𝐹−1
) = 𝑁𝐸

1)
(𝑟,

1

𝐹−1
) + 𝑁𝐸

(2
(𝑟,

1

𝐹−1
) + 𝑁̅𝐿 (𝑟,

1

𝐹−1
) 

                                +𝑁̅𝐿 (𝑟,
1

𝐺−1
) = 𝑁̅ (𝑟,

1

𝐺−1
)                                                 (3.5) 

 Hence, from (3.5) and (1.1) we have 

          𝑁̅ (𝑟,
1

𝐹−1
) + 𝑁̅ (𝑟,

1

𝐺−1
) = 𝑁𝐸

1)
(𝑟,

1

𝐹−1
) 𝑁̅𝐿 (𝑟,

1

𝐹−1
) + 𝑁̅𝐿 (𝑟,

1

𝐺−1
) 

         +𝑁𝐸
(2

(𝑟,
1

𝐺−1
) 𝑁̅ (𝑟,

1

𝐺−1
) ≤ 𝑁𝐸

1)
(𝑟,

1

𝐹−1
) + 𝑁̅𝐿 (𝑟,

1

𝐹−1
) + 𝑁 (𝑟,

1

𝐺−1
) 

          ≤ 𝑁𝐸
1)

(𝑟,
1

𝐹−1
) + 𝑁̅𝐿 (𝑟,

1

𝐹−1
) + 𝑇(𝑟, 𝐺) + 𝑂(1).                                      (3.6) 

 Using Nevanlinna second fundamental theorem, we get 

https://www.ijirmps.org/


 Volume 14 Issue 5                             @ Sep - Oct 2026 IJIRMPS | ISSN: 2349-7300       

IJIRMPS2605233229          Website: www.ijirmps.org Email: editor@ijirmps.org 5 

 

        𝑇(𝑟. 𝐹) + 𝑇(𝑟, 𝐺) ≤ 𝑁̅ (𝑟,
1

𝐹
) + 𝑁̅(𝑟, 𝐹) + 𝑁̅ (𝑟,

1

𝐹−1
) − 𝑁0 (𝑟,

1

𝐹′) 

        +𝑁̅ (𝑟,
1

𝐺
) + 𝑁̅(𝑟, 𝐺) + 𝑁̅ (𝑟,

1

𝐺−1
) − 𝑁0 (𝑟,

1

𝐺′
) + 𝑆(𝑟, 𝑓).                          (3.7) 

  From (3.6) - (3.7) 

     𝑇(𝑟. 𝐹) ≤ 𝑁̅ (𝑟,
1

𝐹
) + 𝑁̅(𝑟, 𝐹) + 𝑁̅ (𝑟,

1

𝐺
) + 𝑁̅(𝑟, 𝐺) − 𝑁0 (𝑟,

1

𝐹′) − 𝑁0 (𝑟,
1

𝐺′) 

          +𝑁𝐸
1)

(𝑟,
1

𝐹−1
) + 𝑁̅𝐿 (𝑟,

1

𝐹−1
) + 𝑆(𝑟, 𝑓)                                                      (3.8) 

   Equation (3.8) along with (1.1), (3.4) and Lemma 6 gives 

   𝑇(𝑟. 𝐹) ≤ 𝑁 (𝑟,
1

𝐹
) + 𝑁 (𝑟,

1

𝐺
) + 2[𝑁̅(𝑟, 𝐹) + 𝑁̅(𝑟, 𝐺)] + 

       2𝑁̅𝐿 (𝑟,
1

𝐹−1
) + 𝑁̅𝐿 (𝑟,

1

𝐺−1
) + 𝑆(𝑟, 𝑓).                                                             (3.9) 

    Using Lemma 5, we have 

        𝑁̅𝐿 (𝑟,
1

𝐹−1
) ≤ 𝑁 (𝑟,

1

𝑓
) + 𝑙𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                                               (3.10) 

    Similarly, 

       𝑁̅𝐿 (𝑟,
1

𝐺−1
) ≤  𝑁 (𝑟,

1

𝑓
) + 𝑘𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                                             (3.11) 

    Also, 

        𝑁 (𝑟,
1

𝐹
) ≤  𝑁 (𝑟,

1

𝑓
) + 𝑙𝑁̅(𝑟, 𝑓) + 𝑆(𝑟, 𝑓),                                                  (3.12) 

    and                                        

       𝑁 (𝑟,
1

𝐺
) ≤  𝑁 (𝑟,

1

𝑓
) + 𝑘𝑁̅(𝑟, 𝑓) + 𝑆(𝑟, 𝑓),                                                 (3.13) 

       𝑁̅(𝑟, 𝐹) ≤ 𝑁̅(𝑟, 𝑓) + 𝑂(1),                                                                          (3.14) 

    and   

       𝑁̅(𝑟, 𝐺) ≤ 𝑁̅(𝑟, 𝑓) + 𝑂(1).                                                                          (3.15) 

    From Lemma 5 and (3.9) - (3.15), 

        𝑇(𝑟, 𝑓) ≤ 𝑇(𝑟, 𝑓(𝑙)) − 𝑁 (𝑟,
1

𝑓(𝑙)) + 𝑁 (𝑟,
1

𝑓
) + 𝑆(𝑟, 𝑓) 

         ≤ 𝑁 (𝑟,
1

𝐺
) + 𝑁 (𝑟,

1

𝑓
) + 2 [𝑁̅(𝑟, 𝐹) + 𝑁̅(𝑟, 𝐺) + 𝑁̅𝐿 (𝑟,

1

𝐹−1
)] + 

             𝑁̅𝐿 (𝑟,
1

𝐺−1
) + 𝑆(𝑟, 𝑓) 

        ≤ 5𝑁 (𝑟,
1

𝑓
) + (2 + 𝑘)𝑁̅ (𝑟,

1

𝑓
) + (2𝑙 + 𝑘)𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓),                      

        ≤ (5(1 − 𝛿(0, 𝑓))𝑇(𝑟, 𝑓) + ((2 + 𝑘)(1 − Θ(0, 𝑓))𝑇(𝑟, 𝑓) + 

             ((2𝑙 + 𝑘)(1 − 𝛿(∞, 𝑓))𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).                                         (3.16)                                  

    This implies 

           (𝑅 − (2(𝑘 + 𝑙) + 6))𝑇(𝑟, 𝑓) ≤ 𝑆(𝑟, 𝑓).   

    Where,   

        𝑅 = 5𝛿(0, 𝑓) + (2 + 𝑘)Θ(0, 𝑓) + (2𝑙 + 𝑘)𝛿(∞, 𝑓) − (2(𝑘 + 𝑙) + 6) > 0. 

    which is a contradiction. Hence 𝐻(𝑧) = 0. 

    From (2.1) we get,  

                    
1

𝐺−1
=

𝑐1

𝐹−1
+ 𝑐2,                                                                        (3.17) 

    where 𝑐1 and 𝑐2 are integrating constants. Equation (3.17) can be written as 

                    𝐹 =
(𝑐1−𝑐2)(𝐺−1)+1

1−𝑐2(𝐺−1)
.                                                                   (3.18) 

    We get the following two cases. 
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Case1: Let 𝑐2 ≠ 0, −1. Then from (3.18) 

                   𝑁̅ (𝑟,
1

𝑐2+1

𝑐2
−𝐺

) ≤ 𝑁̅(𝑟, 𝐹). 

    Hence, by second fundamental theorem, 

         𝑇(𝑟, 𝐺) ≤ 𝑁̅ (𝑟,
1

𝐺
) +  𝑁̅ (𝑟,

1
𝑐2+1

𝑐2
−𝐺

) + 𝑁̅(𝑟, 𝐺) + 𝑆(𝑟, 𝑓) 

                   ≤ 𝑁̅ (𝑟,
1

𝐺
) + 𝑁̅(𝑟, 𝐺) + 𝑁̅(𝑟, 𝐹) + 𝑆(𝑟, 𝑓).                              (3.19) 

    From Lemma 2, we have 

         𝑇 (𝑟, 𝐿(𝑘)(𝑓)) = 𝑇(𝑟, 𝑓(𝑘)) + 𝑂(1). 

    From this, Lemma 5 and (3.19) 

       𝑇(𝑟, 𝑓) ≤ 𝑁 (𝑟,
1

𝑓
) + 2𝑁̅(𝑟, 𝑓) + 𝑆(𝑟, 𝑓), which is a contradiction. 

     

Case 2: Suppose that 𝑐2 = 0. From (3.18) we have 

         𝐺 =
𝐹−(1−𝑐1)

𝑐1
,   𝐹 = 𝑐1𝐺 − (𝑐1 − 1).                                                (3.20) 

    If 𝑐1 ≠ 1, from (3.20) we obtain  

                          𝑁 (𝑟,
1

𝐺−
𝑐1−1

𝑐1

) = 𝑁 (𝑟,
1

𝐺
).  

    As in case 1, we get a contradiction. Thus 𝑐1 = 1. Hence 𝑓(𝑙)(𝑧) = 𝐿(𝑘)(𝑓). 

     

Case 3: Suppose that  𝑐2 = −1. From (3.18) we have 

               𝐺 =
𝑐1

(𝑐1+1)−𝐹
 ,        𝐹 =

−𝑐1+𝐺(𝑐1+1)

𝐺
.                                          (3.21) 

    If 𝑐1 ≠ −1, we obtain from (3.21) that 𝑁 (𝑟,
1

𝐺−
𝑐1

𝑐1+1

) = 𝑁 (𝑟,
1

𝐹
). Proceeding as in Case 2,            

    we come to a contradiction. Hence, 𝑐1 = −1. Thus from (3.21), we get 𝐹. 𝐺 = 1, that is 

𝑓(𝑙)(𝑧)𝐿(𝑘)(𝑓) = 𝑎2.                                                                        (3.22) 

         Which implies, 

                                             
1

(𝑓(𝑙))2 =
𝐿(𝑘)

𝑓(𝑙) .
1

𝑎2.                                               (3.23) 

        Now, using the lemma of logarithmic derivative, Lemma1 and (3.23), we get 

𝑚 (𝑟,
1

𝑓(𝑙)
) =

1

2
𝑚 (𝑟,

1

(𝑓(𝑙))2
) =

1

2
𝑚 (𝑟,

𝐿(𝑘)

𝑓(𝑙)
) = 𝑆(𝑟, 𝑓). 

         Also 

                   𝑁 (𝑟,
1

𝑓(𝑙)) ≤ 𝑚 (𝑟,
𝐿(𝑘)

𝑓(𝑙)) = 𝑆(𝑟, 𝑓). 

 

          Thus 𝑇 (𝑟,
1

𝑓(𝑙)) = 𝑆(𝑟, 𝑓)  i.e. 𝑇(𝑟, 𝑓(𝑙)) = 𝑆(𝑟, 𝑓) = 𝑆(𝑟, 𝑓(𝑙)), 

          Which is a contradiction. 
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